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In this thesis, a portfolio trading system which can decide when, which security, and how 
much should be bought or sold is proposed. And the retum and the risk of the whole 
portfolio are well balanced by using this trading system. To measure the performance of a 
portfolio, a quantity called the Sharpe ratio is used. 
The Sharpe ratio is the ratio of the retum to the risk. As it is known the higher the retum, 
the more desired the investment. On the other hand, the lower the risk, the more the 
investment is preferred. Therefore a good investment should give a high retum and at the 
same time a low risk. Or in order words, it should have a high Sharpe value. 
In the first chapter of the thesis, it is first started with a review on some basic portfolio 
theory, followed by some popular or the latest trading models. In chapter two, a simple 
trading model based on a so called nai"ve Sharpe ratio is introduced. In this model, the 
portfolio is treated as a single security, set up a predictor and a trader to do the 
transactions, and then adjust the parameters in the trading system to maximize the naiVe 
Sharpe ratio. However it is found that there is some weakness in this nai've trading model. 
Due to the fact that the whole portfolio is considerd as a single security, some limitation 
is put on the maximum retum of the portfolio. Therefore in chapter 3, some modifications 
are made to the naiVe model, and propose the second trading model, the total Sharpe ratio 
trading model. In this new model, the correlation between the component securities is 
taken into consideration and the notion of Sharpe ratio is redefined. With experimental 
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Chapter 1: Introduction 
1 
There is a Chinese maxim saying that "never put all your eggs into one basket". This 
maxim suggests that our clever ancestors had known the importance of diversification in 
the investment activities. In the westem culture, the similar wisdom can be found; a 
Babylonian Talmud said that "Man should always divide his wealth into three parts: one-
third in land, one-third in commerce and one-third retained in his own hands". 
However our ancestors didn't tell us how many eggs should be put in each basket, and the 
Talmud didn't explain why it should be one-third of the whole wealth. For nearly two 
millennia, the investment theory was just descriptive rather than quantitative. 
In the 1950's, Markowitz's portfolio selection theory greatly changed the story. In his 
remarkable theory, the investment process was described with precise mathematical 
language. With the concepts of retum and the risk properly defined, an investor can now 
carefully plan his investment strategy, and design a portfolio which suits his want well. 
In an investment, there are always two crucial factors that deserve our attention; the 
retum and the risk. The retum is the driven force of any investment activities; the higher 
the retum, the more wealth the investors are tempted to put on it. But in reality it is 
always the case that the higher the expected retum, the greater is the uncertainty on this 
retum. In order to make a successful investment, the investors therefore should carefully 
balance the risk and the retum. 
Before the discussion on how to balance the retum and risk, it is better to take a brief 
review on the basic knowledge on portfolio theory. In the following section, the retum 
and risk of a security and a portfolio will be discussed, as well as some properties of the 
feasible set of a portfolio, the efficient portfolios, diversification and the Sharpe ratio. 
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1.1 Review on the Portfolio Theory 
In 1952，Harry M. Markowitz published a landmark paper that is considered as the origin 
of the modem portfolio theory. In Markowitz theory [21], it is assumed that an investor 
has a given amount of money to invest. This money is invested at the beginning of a 
particular length of time known as the investor's holding period. At the end of the period, 
the investor sells the securities purchased and then either consumes the profit gained or 
reinvests the proceeds. Moreover before the investor makes his investment, he is facing a 
collection of securities. He needs to select some of them and form a combination of the 
securities, or called a portfolio. Therefore it is often referred to as the portfolio selection 
problem. 
In making this selection, the investor should recognize that the securities' retums in the 
forthcoming holding period are unknown. However, the investor could estimate the 
expected retum of each security, and then put all his money onto the security with the 
highest retum. Markowitz notes that this would not be a wise decision since a typical 
investor will not only be aware of the high retum, but also the uncertainty involved. It 
means that the investor when seeks to maximize expected retum and minimize 
uncertainty (the risk), has two objectives. In reality, the securities with high retum are 
always more risky while those with low retum are always less risky. Therefore the 
investor should make a good balance between the retum and the risk. 
In the Markowitz approach, it is interesting to find that the investor should diversify his 
wealth by purchasing notjust one security but several. To being with Markowitz portfolio 
theory, the concepts of retum and risk should be defined first. 
1.1.1 Expected Return and Risk of a Security 
Suppose an investor puts all the money to be invested at the beginning of a period onto a 
security, and sell the security at the end of the period, then the realized retum of the 
security calculated. There are many definitions about the realized retum, such as 
Realised Price Value at End of Period - Price Value at Beginning of Period (丨 1) 
Price Value at Beginning of Period 
or 
log (Price at End of Period) - log(Price at Beginning of Period) (1.2) 
where log() is the natural logarithm function. 
However at the beginning of his investment, the investor does not know the price of the 
security at the end of the holding period. So he should make estimation on the price value 
in the future, and calculate the expected retum of the security. Again there are many 
definitions about the expected retum, such as 
Expected Price Value at End of Period - Price Value at Beginning of Period 
Price Value at Beginning of Period (1.刃 
or 
log (Expected Price at End of Period) - log (Price at Beginning of Period) (1.4) 
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Of course the expectation of the investor may not be correct, and the actual price value of 
the security at the end of the holding period will deviate from the investor's expectation at 
the beginning of the holding period. Therefore the retum of the security can be regarded 
as a random variable. This random variable has a mean value, and contains some noise 
that can not be predicted. 
The deviation usually acts as a measure for the risk. One commonly used approach is to 
define the risk as the standard deviation of the retum. In the following sections let's 
denote the retum of the security with r, a random variable, and its standard deviation, 
used to measure the uncertainty of the retum, denoted a, 
1.1.2 Expected Return and Risk of a Portfolio 
The definition of a security's expected retum and its risk has been discussed. Now it 
needs to define the expected retum and the risk of a portfolio, a combination of several 
securities. 
The expected retum of a portfolio is defined on the total wealth a investor has, unlike the 
case of individual security in which only the price of the security is considered. There are 
many definition for the portfolio expected retum, such as 
Expected Total Wealth at End of Period-Total Wealth at Beginning of Period 
“ �丄• J J 
Total Wealth at Beginning of Period 
or 
log (Expected Total Wealth at End of Period) - log (Total Wealth at Beginning of Period) 
(1.6) 
As for the risk of the portfolio, it can similarly defined as the standard deviation of the 
retum of the portfolio. (The retum of the portfolio is again regarded as a random 
variable.) 
As it has been mentioned that a portfolio is a collection of securities. These securities 
may have different retum expected and standard deviation. Therefore the expected retum 
and the risk of the portfolio should be closely related to that of each individual security. 
It is now the time to state the relations on retum and risk between a portfolio and its 
component securities. 
Suppose there is a portfolio ofNsecurities. And let 
Xj be the proportion of wealth invested in securityj, 0 < Xj <1 and ZjXj=l, 
Rj be the retum of the securityj, 
Rp be the retum of the portfolio, 
rj be the expected retum of the securityj, 
rp be the expected retum of the portfolio, 
ay be the covariance between ri and rj, 
dp be the standard deviation of the portfolio retum 
Then it comes 
Rp = XiRi + X2R2 + •..+ XNRN (1.7) 
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Taking expectation on both sides, it comes 
rp = Xin +X2r2+ ...+ XwrN (1.8') 
Taking standard deviation on both sides, it comes 
Gp = [ ZiSj Xi Xj Qij f^ , where i, j = 1, 2, ...，N (1.9，） 
To write (1.8') and (1.9，）in matrix form, with X denoting vector [Xi, X2, ..., XN] ,^ r 
rp 
denoting vector [ri,r2,",rN] , V denoting he covariance matrix (ay), then equation (1.8，） 
and (1.9，）can be written as 
rp = XV (1.8) 
ap = X^VX (1.9) 
Therefore the expected retum of the portfolio is the weighted average of the securities' 
expected retum. And the variance of the portfolio's retum is quadratically related to the 
covariance between the securities' retum. 
1.1.3 The Feasible Set 
The feasible set is the set of all portfolios that can be formed with the N securities. If the 
retum against its standard deviation of all possible portfolios is plotted, we will get an 
umbrella-shape figure similar to the following one [33]. In the figure, points A, B, C and 
D are inside the feasible set, while point E is not. 
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Figure 1.1 Feasible Set and Efficient Frontier 
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1.1.4 Assumptions on the Investor 
In the Markowitz approach, 2 main assumptions about the investor are made. 
1. The investor is risk averse: it means that when facing with two portfolios of the same 
retum but with one of them having a lower standard deviation, the investor will 
choose the one with lower standard deviation. For example in the figure 2 below, the 
investor will choose point A instead of point F. 
2. The investor is non-satiable: it means that when facing with two portfolios of the 
same standard deviation but with one of them having a higher expected retum, the 
investor will choose the one with higher expected retum. For example, in the figure 2 
below, the investor will choose point A instead of point E. 
rn ‘ A F 
8% m ® 
E I 
3% 4 
^ ^ • 
7% 14% Qn 
Figure 1.2 Risk averse, non-satiable and portfolio 
1.1.5 Efficient Portfolios [33] 
Suppose an investor is risk averse and non-satiable, then he will consider only a subset of 
the whole feasible portfolios, the set of all efficient portfolios. A portfolio is efficient if 
amount those portfolios with the same expected retum, it has the minimum standard 
deviation, and at the same time, amount those portfolios with the same standard 
deviation, it has the maximum expected retum. 
The efficient portfolios are those on the northwest boundary of the feasible set, between 
the portfolio with highest expected retum and the portfolio with lowest standard 
deviation. In figure 1 above, the northwest boundary between point A and B represents 
all the efficient portfolios. This curve is called the efficient frontier. Other portfolios not 
on the efficient frontier are not efficient in the sense that there must be some portfolios of 
the same retum but lower standard deviation or some portfolios of the same standard 
deviation but higher retum. 
1.1.5.1 Bounds on the Return and Risk of a Portfolio 
Now let's investigate bounds of the retum and the standard deviation of a portfolio. 
From equation (1.8) above, 
rp = X1n+X2r2+ ...+ XNrN (1.10) 
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since 0 < Xj < 1，and ZjXj=l, if let 
W=max( r i , r2,…，m) and 
rrnin=min(ri, r 2 , . . . , � ) ’ 
then it comes 
Xiri + X2T2 + ...+ XNfN 
^ Xi rmax + X2 rmax + . •. + ^N fmax 
=(Xi + X2 + ...+ XN) fmax 
= W (1.11) 
and 
XiTi + X2r2 + .. •+ Xjs[rN 
^ Xi rnun + X2 rmin + .. • + X^ T„nn 
=(Xi + X2 + ...+ XN) fmin 
= rmin (1.12) 
It can be seen from equations (1.11) and (1.12) that the expected retum for the portfolio is 
just between the maximum and the minimum value of the individual securities' expected 
returns. 
From equation (1.9) 
ap = [ ZiZj Xi Xj (Jij ]"2，where i , j = 1, 2, ..., N (1.13) 
if let Pij=aij/(aiaj) be the correlation coefficient between retum of security i and securityj, 
then we have -l<pij<l and 
CTp2 = Zi Zj Xi Xj Qij 
= XiXjXiXj pijCTiOj 
< 2i Zj Xi Xj aiCTj 
= ( ^ X i Gif (1.14) 
Equation (1.14) means that the risk of a portfolio is always smaller than the average of 
risk of individual securities. 
Example: Consider the following two un-correlated securities 
Security 1: expected retum = 0.05, standard deviation = 0.04 
Security 2: expected retum = 0.15, standard deviation = 0.16 
Suppose the proportion allocated on security 1 is x, while that on security 2 is l-x, then 
the expected retum of the portfolio is 
rp = 0.05x + 0.15(l-x) (1.15) 
the standard deviation is 
cjp = [x2 + 0.16(l-x)2]"2 (1.16) 
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Plotting rp against Gp and let x runs from 0 to 1, we get the following figure: 
Portfolio return and risk 
0.16 1 
0.14 - ^^^.^^-^^y 
0 . 1 2 - ^ - ^ ^ " " ^ , • • 
0.1 - y ^ , • ' " 
E / Z 2 0.08 - / , • 2 ,' 
0.06 - \^ .'• 
0.04 -
0.02 -
0 4 1 1 1 
0 0.05 0,1 0.15 0.2 
Standard deviation 
Figure 1.3 Retum and Risk allocation of a portfolio 
The solid curve is all the retum-risk combination of the portfolio. The dashed straight line 
is the collection of points representing the average of retums and average of standard 
deviation of individual securities. It is seen that the retum of the portfolio is between the 
highest-return security and the lowest-retum security. But the standard deviation of the 
portfolio is always less than the average of individual securities, and sometime even less 
than the lowest-risk security. In other words, the retum and risk of a portfolio must lie on 
the left of the dashed straight line.The situation will be the same even though the co-
relation between the securities' retums is not zero. 
1.1.5.2 Concavity ofthe Efficient Set 
From the discussion above, it can be concluded a very interesting property of the efficient 
frontier; for any 2 points U and V on the efficient frontier, there must not be a "dent" 
between these 2 points on the frontier. That is, between U and V there is no region on the 
frontier where it is not concave. It is because an investor can always put part of his funds 
in the portfolio located at U and the rest of his funds in the portfolio located at V. Then 
the resulting portfolio would have to lie to the left of the straight line connecting U and 
V, and be more efficient than a portfolio lying on the alleged efficient set between U and 
V, as shown in the figure below: 
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Figure 1.4 No dent on the efficient frontier ^ 
Therefore we conclude that the efficient frontier must be concave. 
1.1.6 The Market Model 
It is no uncommon to see a stock's price changes with a market index, such as the Hang 
Seng Index in Hong Kong. Therefore it is reasonable to believe that the stocks in a 
market are co-related with the market index. To express the relation between a stock's 
retum and the market index retum, make use of the following simple linear model, called 
market model [33]: 
n = aii + pii ri + 8ii (1.17) 
where 
ri = retum on security i 
ri = retum on the market index 
0Cii = a constant intercept term 
Pii = a constant slope term 
8ii = a zero-expected-value random variable, un-correlated to ri. 
When Pii is positive, equation (1.17) indicates that the higher the retum on the market 
index, the higher the retum on the security is likely to be. When is Pn negative, equation 
(1.17) indicates that the higher the retum on the market index, the lower the retum on the 
security is likely to be. 
The slope of the market model is often referred as beta, and is equal to P^ = Cn /au, 
where an denotes the covariance of the retums on security i and the market index, and Ou 
denotes the variance of retums on the market index. The beta value for a security being 1 
means that the retum of that security just mirrors the retum of the market index. When 
the beta of a security is greater than 1, the security is more volatile than the market index 
and is called an aggressive security. On the other hand, a security with beta value less 
than 1 is less volatile than the market index, and is called defensive security. 
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Diversification 
In equation (1.17), ri = an + Pn r! + en, by taking variance on both side of the equal sign, 
we get 
ai ' = Pii' ai ' + aei' (1.18) 
It can be seen from equation (1.18) that the risk of the security can be decomposed into 2 2 2 two terms, where pn ai is called the market (or system) risk; and Gei is called the 
unique (or unsystematic) risk. 
Now from equation (1.8)，the retum of a portfolio can be written as 
rp = SiXm (1.19) 
re-expressing it in market model, it comes 
rp = ZiXi(aii + Pii ri + 8ii) 
二 &(XiOCii)+ (Si(Xi Pii)n) + Ei(Xi 6ii) 
=api + Ppi ri + 8pi (1.20) 
where 
0Cpi = &(Xi0Cii) (1.20a) 
Ppi = Zi(Xi Pii) (1.20b) 
8pi = Si(Xi 8ii) (1.20c) 
It can be seen from equation (1.20) that if writing the retum of a portfolio in terms of 
market model, then its intercept term, beta and the random error term are all weighted 
averages of the intercepts terms, beta and random error terms of individual securities. 
Moreover in equation (1.20), finding the variance of the portfolio, it comes 
cJp2 = P p i W + cr^2 (1.21) 
where 
Ppi'=[Si(Xi Pii)]' (1.22) 
and assuming the random error components of the securities are un-correlated: 
Gep^  = Zi(Xi^  Qei^ ) (1.23) 
Equation (1.21) shows that the total risk of a portfolio can be decomposed into two 
components, similar to the case of individual security. These components are again 
referred to as market risk (ppi^  ai^) and unique risk (cr^2) Now it needs to show that the 
unique risk of a portfolio can be reduced by increasing the number of un-correlated 
securities in the portfolio, while the market risk remains approximately the same size. 
First from equation (1.22), it is seen that the portfolio's beta is just a weighted average of 
the betas of its securities, so the size of the market risk will not change a lot if the number 
of securities increase. Therefore it can be concluded that diversification leads to 
averaging of market risk. 
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On the other hand, suppose there are N securities in the portfolio, and the investor put 
1/N of the total wealth on each security. Then from equation (1.23), it is found that 
aep' = Xi((l/N)' aei')=(l/N) U ^ e ^ m (1.24) 
1 ... 
It can be seen that as N~^ ©o, <Jep — 0. This means that as the number of security in the 
portfolio increase, the unique risk in the portfolio is reduced, and it even can reduce to 
nearly 0 if the number of securities is sufficiently large and well diversified (un-
correlated enough). 
The following figure shows the reduction in the unique risk: 
丰 1 





Ppi' ai^ . i . ^ ^ ^ ^ 
Market 
risk 
_ i ± • 
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Figure 1.5: Reduction in Unique Risk 
It is known that when there is some good news about a company, its price in the stock 
market will rise. On the other hand when there is some bad news about a company, its 
price will drop. But in a well-diversified portfolio, it is expected that the number of 
companies having good news is similar to that having bad news. As a result, the good or 
bad news from a specific company will have a small impact on the retum of the portfolio. 
Therefore the unique risk is reduced. 
1.1.7 Risk-Free Asset 
A risk-free asset is a security the retum of which is certain. If an investor purchases a 
risk-free asset at the beginning of the holding period, he should know exactly what the 
value of the asset will be at the end of the holding period. Since the retum is one hundred 
percent certain, the standard deviation of the risk-free asset is, by definition, zero. 
Examples of risk-free asset include interest eamed by putting the money in a bank, or 
bond issued by the government. 
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Moreover it is also true that the covariance between the retum on the risk-free asset and 
the return on any risky securities is zero. This is because we can always express the 
covariance in terms of a product involving the correlation coefficient between the assets 
and the standard deviations of the two assets: CTij=PijGiOj. Given that Oi=0 if i is the risk-
free asset, it follows that C7ij=0. 
1.1.8 Portfolio involving Risk-free Asset 
In the above discussion, it is assumed that there is no risk-free security in the portfolio. 
But what will be the situation if a risk-free asset is added into the portfolio? Suppose 
there is a portfolio including a collection of risky securities and a risk-free asset. Then we 
can decompose this portfolio in to two parts; an other portfolio containing the risky 
securities, and a risk-free asset. It means that the original portfolio can be viewed as a 
portfolio containing 2 securities; one risky and the other risk-free. 
Suppose a proportion of Xi of the wealth is put onto the risky portfolio, and X2=l-X1 
onto the risk-free asset, then from equation (1.8), it comes 
rp = X1r + X2rf (1.25) 
where r is the retum of the risky portfolio, and rf is the retum of the risk-free asset. It can 
be seen that the retum of the original portfolio is just the weighted average of the 
component securities. 
On the other hand, from equation (1.9) 
ap = [Xi' a i ' + X2 a2' + 2X1X2 ( J i 2 � 2 (1.26) 
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where ai is the variance of the risky portfolio, G2 is the variance of the risk-free asset 
2 
and it is equal to 0, Gu is covariance between the two components and is also equal to 0. 
So the standard deviation of the original portfolio is 
CTp = Xiai (1.27) 
It can be seen that C7p is a linear function of cJi. And its value is between 0 and CTi. The 
following figure illustrates the relation amount the risk-free asset (point C), the risky 
portfolio (point A) and their linear combinations (point B). In the figure, it can be seen 
that the retum and risk of the large portfolio is just on the straight line joining the risk-
free security and the risky component portfolio. ii 
Tp 
A(r, Gi) 
r . 0 
Xir + X2rf J|ir 
^-e 
i ^ • 
0 XiQi ai Qp 12 
Figure 1.6 A portfolio with a Risk Free Asset 
New Feasible Set and New Efficient Frontier 
It has been mentioned that the feasible set of a portfolio containing only risky securities 
has an "umbrella shape", with a concave efficient frontier on the northwest boundary. 
Now if a risk-free asset is added to the portfolio, what will be the shape of the feasible set 
and the efficient frontier? 
From the discussion above it is found that for any point P in the old feasible set, it is 
possible to draw a straight line connecting this point and the risk-free asset on the vertical 
axis. Then any point on this straight line is a point in the new feasible set. Amount these 
straight lines, the one with the greatest slop is the one which passes through the risk-free 
security and just touch the old efficient frontier at a point T. The new efficient frontier 
contains this straight line of greatest slop and a part of the old efficient frontier. The 
following figure shows the new feasible set and the new efficient frontier. 
New Efficient 
rp“ Frontier ^ ^^^.....••••.... 驗 
^ ^ New Feasible ,.......... 
\ S e t f 
•.,'•...••• 
• 
Figure 1.7 New Feasible and Efficient Sets 
when Risk-Free Asset is Considered ^^ 
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1.1.9 The Sharpe Ratio 
- T h e Concept of Sharpe Ratio 
When an investor puts his money in the security market, he of course expects a good 
retum from his investment. However in reality, it is always the case that the higher the 
expected retum of a security has, the higher the risk the investor should bear. Therefore 
in order to make a successful investment, an investor should keep a good balance 
between the retum and the risk. When measure the performance of a security or a 
portfolio, the investor should not only consider the retum expected, but also the risk 
involved. 
To measure the performance of a security, William F. Sharpe proposed a very useful 
quantity, the Sharpe ratio [36]. In this measure, the ratio of the excess retum to the risk is 
used to determine the performance of a security or a portfolio. Precisely the excess retum 
of a security is defined as 
Excess Retum = Retum of the Security - Retum of a Risk Free Security (1.28) 
So the excess retum is a measure to determine by how much a security performs better 
than the risk free security. The risk of a security is defined as the standard deviation of 
the retum of the security. And finally the Sharpe ratio is defined as 
Sharpe Ratio = Excess Retum / Risk (1.29) 
-Maximum Sharpe Ratio Portfolio on the Efficient Frontier 
When one invest his wealth in a portfolio, he can adjust the expected retum and the risk 
of the portfolio by varying the weighting of the securities in the portfolio. Suppose that 
(1) the investor is non-satiable, it means that given 2 portfolios of the same risk, but one 
with higher retum and the other lower, he will choose the one with the higher retum. 
(2) on the other hand, the investor is risk averse, it means that given 2 portfolios of the 
same retum, but one with the lower risk and the other higher, he will choose the one 
with lower risk. 
With these assumptions, what the investor chooses will be an efficient portfolio. Recall 
that an efficient portfolio is the portfolio of the highest expected retum compared with 
other portfolios of the same risk, and it is also the portfolio of the lowest risk compared 
with other portfolios of the same expected retum. 
Suppose that one sets up a trading model and train the model based on the maximum 
Sharpe Ratio criteria. What is the relation between the resulting portfolio and an efficient 
portfolio? Is it an efficient one? Is such portfolio unique? The answer to these questions 
can be seen in the following. 
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The Efficient Frontier ofPortfolios without the Cash Asset 
Recall that the efficient frontier is the set of points corresponding to the efficient 
portfolios on the retum-risk plan. When we only consider portfolios consisting only risky 
securities, then the efficient frontier can be drawn with the critical line algorithm [21], 
and its shape will be a curve convex to the north-west direction, just like the figure 
below. Here in the figure, r is the expected retum of the portfolio, a is the standard 




Risk a • 
Figure 1.8 Efficient Frontier without Risk Free Asset 
Maximum Sharpe Ratio in the Efficient Frontier 
Now let's transform this figure into the 'excess retum - risk’ plan. It means that the 
following transformation is made: 
Let r' be the excess retum, a ' be its standard deviation. Then 
r' = r-rf (1.30) 
CT'=(T (1.31) 
Here the standard deviation of the excess retum is just the same with that of retum 
because the standard deviation std(x) of a random variable x is just the same with the 
standard deviation of that random variable minus a constant, std(x-k). 
So it comes the following figure for the efficient frontier in the 'excess retum-risk' plan. 
� ‘ Excess retum r' 
. < ; ; ^ ^ rf 
� - i ^ - . 
Figure 1.9 Transform to Excess Retum-Risk Plan 
The new graph (the solid curve) is just obtained by moving the original efficient frontier 
(the dash curve) in the retum-risk plan downwards for a value of rf. The shaded region 
under the efficient frontier, called feasible region, is the set of all possible combinations 
of excess retum and risk. 
Given a point (x, y) in the feasible region, the Sharpe ratio at this point, by the definition, 
is y/x, or tan9, where 0 is the angle between the horizontal risk-axis and the line segment 
joining the origin (0,0) and the point (x, y). 
A 
r' 
^ ^ ^ - ^ • ^ Efficient 
^^^•"^^^ frontier 
f >• (x,y) 
_ ^ ^ " ' 
0 
Figure 1.10 Sharpe Ratio = y/x = tan9 
Now to find the maximum Sharpe ratio is equivalent to finding a point in the feasible 
region, such that the angle 0 is the maximum. Such point, call it T, can be found easily 
from the graph; it is such the point that if we joint the point with the origin, the line 
segment will just touch the efficient frontier. It is shown in the figure below. 
• 
r' 
^ ^ " - " ^ Efficient 
^ x ^ frontier 厂. _^ •
Figure 1.11 The Maximum Sharpe Ratio 
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Now transform the figure back to the retum-risk plan. 
• ^^,^^.-—^ Efficient 





0 Figure 1.12 Maximum Sharpe Ratio on the Efficient Frontier 
It can be seen that the portfolio with the maximum Sharpe ratio is an efficient portfolio, 
obtained by drawing a straight line through the point (0,rf) and touching the efficient 
frontier at this point T. 
In the Case where the Cash Asset is under Consideration 
The discussion above is for portfolio not consisting of a cash asset. For a portfolio 
consisting of a cash asset, the shape of the efficient frontier is a little bit different, shown 
in the figure below. 
New 
• ‘ Efficient ^ " " " " " " " ^ 7 
r f r o n t i e r / < ^ \ \ \ 
讓 
Figure 1.13 Maximum Sharpe Ratio Portfolio with Cash Asset 
To draw the new efficient frontier in this case, we draw a line segment through the point 
(0,if) and touching the old efficient frontier at T. Then the new efficient frontier consists 
of the line segment joining (0,rf) and T, and the rest of the old efficient frontier. And the 
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set of all feasible portfolios is points under this frontier, as shown in the shaded region in 
the figure above. 
As for the portfolio with maximum Sharpe ratio, it can be seen that T is such a portfolio, 
as discussed above. However in this case, i.e. when a cash asset is considered in the 
portfolio, there are many other efficient portfolios with maximum Sharpe ratio; all those 
on the line segment jointing (0,rf) and T have such property. It is because all points on 
this straight line segment has equal slope in the 'excess retum - risk, plan. 
Therefore a conclusion can be made that if we set up a trading system to trade a portfolio 
of securities, and target to maximize the Sharpe ratio of the portfolio so obtained, then the 
portfolio generated by the trading system must be efficient. Moreover if there is no risk 
free security in the portfolio, the maximum Sharpe ratio portfolio is unique. If there is a 
risk free security in the portfolio, there are infinite numbers of such maximum Sharpe 
ratio portfolios. 
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1.2 Review on Some Trading Models 
In the following sections, some popular trading models are to be discussed. The first one 
is the simple buy and hold model, followed by trading models built based on the 
prediction criterion. Then 2 trading models, both built based on financial criterion, one 
proposed by Bengio and the other proposed by Weigend, are introduced. In chapters 2 
and 3, the portfolio trading system trained based on Sharpe ratio will be based on these 
two financial criterion models. 
1.2.1 The Buy and Hold Model 
The simplest investment strategy may be the buy and hold method. In this method the 
investor just buy several stocks at the beginning of the holding period, and then hold the 
stock thought out the whole investment period. And the stocks are sold out at the end of 
the investment period. 
The merit of this strategy is its simplicity. One only needs to select several, in his 
opinion, good stocks, and then buy in with some initial weighting. There is nothing else 
to be done during the holding period; no need to buy or sell any more stocks and no need 
to do forecasting. One just needs to tum back and do something else until he reaches the 
end of the holding period. When he comes back and see that the price of the stocks go up 
compared with the price at the beginning of the holding period, this simple method will 
give him a profitable retum. 
However if the stocks go down, the investor suffer a loss. Even though there may be 
some large fluctuation of the market during the holding period, the investor can not 
capture the opportunity; buy more when the market is at a low level, and sell when the 
market is at a high level. Lack of flexibility is a weakness of the buy and hold method. 
Therefore before his investment, the investor should consider the performance of the 
stocks carefully; he should look at the past price pattem of the stocks, collect information 
about the companies, make estimation about the trend of the stocks during the incoming 
holding period. And finally select those stocks, in his opinion, will go up in the future. 
Since there is no transaction during the holding period except at the beginning and the 
end of the period, no transaction cost can be incurred, and weather the investment is a 
gain or a loss is solely dependent on the price value at the end of the holding period. 
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1.2.2 Trading Model with Prediction Criterion 
1.2.2.1. Two School of Theories 
During the whole holding period there must be a lot of fluctuation in the market. If one can buy 
in when the market is at a low level, and then sell out when the price goes up, he can be a 
profitable retum. The question now is when to buy and when to sell. 
To answer the question, the investor should make some forecasting about the movement of the 
stock prices in the future; if the price is expected to rise, he buys in. If the price is expected to 
drop, he sells out. There are two different schools of theories related to this issue. 
One school, just call them academician, says that the stock market is a weak efficient market. A 
weak efficient market is a market in which any information about the market is fully and 
immediately reflected in the market price. No one can make any profit by just looking at the 
past price pattem of the stocks and predict their future movement. 
Another school, called chartist, says that there is really some relation between the future price 
and the past price. These relations can be revealed by finding out some patterns in the past price 
chart, such as the head-and-shoulder, triangle, flags, etc. These price patterns can give an 
investor some valuable information about the movement of the stock prices in the future. 
There has been a long argument between these 2 theories. In this dissertation, the view of the 
chartists is adopted. It is because it is believed that the stock market is not a perfectly weak 
efficient market. When some information has been released, not every body knows it 
immediately. Some people may know the news earlier but some may know it later. Those who 
know the news later of course will react later and thus affect the price after a certain period of 
time after the news. 
1.2.2.2. Prediction of the stock price movement 
The prediction of the stock price movement can be done with different approaches, such as 
predicting the future price values, predicting the price main trend or predicting the tuming point 
of the market. 
-Predict the future price value 
The future stock price some time away from the present can be predicted. The price to be 
predicted can be 1 day ahead, 1 week ahead, or any fix period of time ahead. When one build a 
trading system to predict the future price and then trade on the predicted price value, something 
important should be considered; the system does not tell you the path taken to attain the 
predicted price. For example, the system may predict that the price is going to be 200 points 
higher in 15 day's time, but during the interim, the price may fall significantly before rising to 
the predicted price. Suppose the price was to fall 500 points first, you might have to cut losses 
and liquidate your position. Even if you were 100% sure of your trade but were trading on a 
margined account, your bank or broker would be obliged to liquidate your position once your 
loss exceeded the balance in your margin account. 
-Predict the future direction 
The investor predicts the trend of the stock price to see if it is going up, going down or keeping 
stationary in the future. The "current market trend" depends on the timeframe that is interest to 
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the investor. A market could be trendless in the short term (over the past few days), in an 
uptrend in the medium term (over the past few weeks or months) and in a downtrend over the 
long term (over the past few months or years). Choosing a timeframe depends on your trading 
style and how "deep" your pockets are. A short timeframe results in a lot of transactions for a 
short period. This may be undesirable as it results in a large amount of commissions that will 
make your broker rich, but very likely, make you bankrupt. 
-Predict the turning points 
1.2.2.3 The Use of Neural Network in Prediction 
The use of neural network in time series prediction is becoming more and more popular. There 
are more and more evidence showing that the neural network approach can do much better than 
the traditional methods in time series prediction [42]. 
In order to predict a time series, a neural network model is set up to estimate the underlying 
data generating process. The network is trained first with a finite history of the time series, then 
the trained network is used to predict the future behavior of the series. 
- T h e Neural Network 
The following figure shows a typical 3 layer feed forward neural network. 
T Prediction 
0 Output layer 
/ ^ — (/^^"%^^^\ — 
Past price data 
Figure 1.14 A Neural Network for Prediction 
‘ - 丄 • 
In the hidden layer, the hidden neurons process the information coming from the input layer. 
And in the output layer, the prediction of the security is given out. 
- The Mean Square Training 
After the configuration of a neural network has been determined, i.e. how many input, hidden 
and output neurons, it then need to adjust the weightings in the network, the process of the 
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adjustment is called training. To train a network, there should be a set of training data, and a 
training criterion. 
When doing prediction, the usual training criterion is to minimize the mean square error 
between the network output and the true training data. The mean square error is defined in the 
following. Suppose there is a set of N training data, sampled from an underlying process, and it 
wants to approximate this process with a neural network. To measure the closeness between the 
true underlying process and the function learned by the neural network, the following quantity 
can be used, called the mean-square-error 
MSE={ZnZk[yk(x^w)-tk"]2 }/N (1.32) 
where 
yk is the kth entry of the network output vector, 
x^ is the nth input vector, 
tk^  is the kth entry of the nth target vector. 
For n=l,..,N, k=l,..,P,and P being the dimension of the target vector or the network output 
vector. 
Now what it needs to do is to adjust the network weighting w, such that the mean square error 
on the training data set is minimized. There have been a lot of algorithms proposed to adjust the 
network weightings so as to minimize the MSE, such as the well known back-propagation 
training algorithm. These training algorithms have been implemented in many commercial 
packages, such as MatLab or SPSS, and anyone can access to them easily. 
- T h e Interpretation of the Mean Square Error Training [7] 
Consider the case when N, the number of training data, tends to infinity. In this limit we can 
replace the finite mean error sum with an integral of the form 
MSE =limN^oo{ZnZk[yk(x^w)-tk^' }/N 
=¾/1 [yk(x;w)-tk]2 p(tk,x) dtk dx (1.33) 
where p(tk,x) is thejoint distribution of tk and x. 
Rewrite the joint distribution p(tk,x) into the product of the unconditional distribution of x, p(x), 
and the conditional target data density on the input vector, p(tk|x), the integral form can be 
written as 
MSE=Zj j [yk(x;w)-tk]2 p(tk|x)p(x) dtk dx (1.34) 
Now let <tk|x>=/tkp(tk|x)dtk, and write the term in bracket in (1.34) as 
[yk(x;w)-tk]2 
=[yk(x;w) - <tk|x> + <tk|x> - tk]^  
=[yk(x;w) - <tk|x>]2 + 2 [yk(x;w) - <tk|x>][<tk|x> - tk] + [<tk|x> - tk]^  (1.35) 
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If the second term of (1.35) is integrated over tk, it comes 
.[yk(x;w) - <tk|x>][<tk|x> - tk] p(tk|x)p(x) dtk 
=Yk(x;w) p(x) <tk|x> / p(tk|x) dtk - yk(x;w) p(x) J tkp(tk|x) dtk + 
<tk|x> p(x) J tk p(tk|x) dtk - p(x) <tk|x>2 Ip(tk|x) dtk 
=yk(x;w) p(x) <tk|x> - yk(x;w) p(x) <tk|x> + 
<tk|x> p(x) <tk|x> - p(x) <tk|x>2 (Jp(tk|X) dtk=l) 
= 0 (1.36) 
So the MSE can be written now as 
MSE=Ej [yk(x;w) - <tk|x>]^ p(x) dx + E j [<tk |^x> - <tk|x>^] p(x) dx (1.37) 
The first term of (1.37) vanishes if we can find a w*, such that yk(x;w*) = <tk|x>. This means 
that given a large number of training data, and a sufficiently large network, training the network 
to attain the minimum mean square error is equivalent to finding a network mapping 
approximating the conditional average of the target data, or the regression of tk conditioned on 
X. The second term of (1.37) is independent of the network mapping function yk(x;w), and 
hence is independent of the network weights w. It represents the intrinsic noise in the data and 
set lower limit on the error which can be achieved. 
1.2.2.4 Single Step and Multi-step Prediction 
When an investor uses a neural network to do prediction, he can do either single step prediction 
or multi-step prediction. In single step prediction, the past time series are fed into the input layer 
of the network, and then the prediction of the series in the next time step is given out at the 
network output layer. For example if we want to predict tomorrow price value of a security, the 
price values of the security in the past 10 days can be fed into the network, then forward pass 
the network and get the prediction at the output. 
However some times it needs to predict the value of a time series several time steps ahead. For 
example, there are the price values of a security in the past 10 days, and it needs to predict its 
price value 3 days ahead. There are 2 approaches to do such prediction. 
1. One is first to predict the next day price value, then feed the next-day prediction together with 
the true price values in the past 9 days into the network, and predict the price value 2 days 
ahead. Then we use the next-day prediction, the 2-day-ahead prediction and the true price 
values in the past 8 days to predict the price value 3 days ahead. 
2. The other approach is to predict the price value 3 days ahead directly. 
Then a question can be raised: which approach is better? The answer is the second one. We now 
prove this in the linear case. Let Zt be a random variable from an invertible, stationary Auto-
Regressive Moving Average process (ARMA process) [39] [8]. 
Then Zt can be written in terms of linear combination of a white noise process in the past: 
Zt = at + Viat-i + \K2at-2 + \|/3at-3 ... (1.38) 
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Where \|/tS are scalar constants, and at_k are the white noise signal at time t-k. A process {a] is 
called a white noise process if it is a sequence of un-correlated random variables from a fixed 
distribution with constant mean, and constant variance. 
The optimal MSE prediction, denoted Z't(k), of Zt+k, the value of the time series k steps ahead of 
Zt is Z't(k) = \|/kat + Vk+iat-i + i^ k+iat-2 +•.. [39]. 
And Z't(k) is also the conditional expectation of Zt+k given Zt, Zt_i, Zt-2，... [8]. That is 
Z't(k) = E(Zt+k|Zt,Zt-i,...). (1.39) 
Especially when k=l,2 
Z't(l) = M/iat + \K2at-1 + X|/3at-2 +... (1.40) 
Z't(2) 二 x)/2at + X|/3at-i + V4at-2 +... (1.41) 
It now needs to show that if Z't(l) is used to predict Zt+2, rather than directly predict Zt+2 with 
Z't(2), then such prediction, denoted ZVi(l), will not be optimal. In other words ZVi(l) will be 
different from Z't(2). 
It needs to first find the conditional expectation of the white noise signal at time t+l, denoted 
a't+i, given the values of Zt, Zn , . . . 
Since Zt is from a stationary and invertible process, it can be written in the following form [39] 
Zt - ^iZt-i - 2^Zt-2 ... - p^Zt-p = at - Qiat_i - Q2^ t-2 _ ... - 6qat_q (1.42) 
Where ^t, 6t, p, q are all constants. 
Moving at to the left hand side, the others to the right hand side, and replace t with t+l, it comes 
at+i = Zt+i - ¢1¾ - ^2Zt-i ... - p^Zt-p+i + 0iat + 62aM + ... + 6qat-q+i (1.43) 
Taking conditional expectation on both sides of the equation given Zt, Zn, ..., it comes 
a't+i=E(at+i |Zt,Zt-i..) 
=E(Zt+i |Zt,Zt-i..) - E((t>iZt |Zt,Zt-i..) - ... - E(0pZt-p+i |Zt,Zt-i..) + 
E(e,at |Zt,Zt_i..) + E(e2at.1 |Zt,Zt.i..)+ ... + E(9qat-q^i|Zt,Zt.,..) 
=Z't(l) - 0iZt - 0pZt-p + 0iat + e2at-1 + ... + 9qat-q+i (1.44) 
Now we use a't+i calculated to predict Zt+2 using (1.40) above 
Z"t+i(l) = Via't+i + \|/2at + V3at-1 +... (1.45) 
By comparing equation (1.45) and (1.41), it can be concluded that ZVi(l) is not optimal since 
only Z't(2) can be optimal. And consequently, it is known that if we do multi-step prediction 
with consecutive single step prediction, the value predicted will not be optimal. Therefore we 
usually predict the value in the time series several steps ahead directly, and in the prediction 
models in the next few chapters, this approach will be adopted. 
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1.2.2.5. Trading Model based on Prediction Criteria 
Once the neural network is trained, it can be used it to predict the movement of a security. Then 
the investor can design a trading method to do transaction based on the prediction. For example 
he can use the following simple algorithm to decide when to buy and when to sell based on the 
prediction: 
Ifthe predicted price value is 10% higher than the current price value then 
Buy in the security 
Else ifthe predicted price value is 10% lower than the current price value then 
Sell the security 
Else do not buy nor sell 
If the prediction is accurate enough, such simple algorithm can give us a good profit. Of course 
there are some other more sophisticated trading systems developed based on the prediction. For 
example in [10], multiple expert networks are used to do the forecasting. In [30], the weighted 
moving average of the price data is used instead of the raw price values, and Jordan Elman 
recurrent network is used to do the prediction. In [41] gated experts are used for forecasting. In 
[29], a committee of experts is used to give a more accurate combined prediction. 
1.2.2.6 For More Accurate Prediction 
If an investor wants to make a better profit in an investment, he should of course produce more 
accurate prediction on the price movement. In other words, he should build a prediction system 
that can leam the properties of the price patterns well. 
In [12], it is shown that the generalization error can be decomposed into 2 parts, the bias error 
and the variance error. To reduce the prediction error, one can either increase the training 
sample size so as to reduce the bias error, or use some prior knowledge to impose some 
constraints on the training process so as to reduce the variance error. The use of prior 
knowledge in training is called the regularization technique. This technique can improve the 
prediction power of a network while the number of training data keep unchanged. In [13], 
weight decay method is used to keep the magnitude of the weighting of the neural network at a 
low level. Early stopping [7] can be used to stop the training at an appropriate time, and prevent 
over-fitting. In curve smoothing [6], the neural networks are trained to leam a smooth function 
with low curvature. In soft weight sharing [23], the weighting of the neural network is assumed 
coming form a mixture of Gaussian distribution. In [37], noise is added to the training data in 
order to reduce the variance error. 
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1.2.3 Weigend's Model： [43] 
1.2.3.1 Introduction 
In the last section it can be seen that people can use a neural network, trained based on 
minimum mean-square error (MSE), to predict the price movement of a security. Then the 
prediction is used in the trading. To evaluate the performance of a trading strategy, one may 
use the Sharpe ratio as a measure. However people later find that it often happens that even 
the SSE is optimized, the resulting Sharpe ratio may not be optimal [26][43]. 
Therefore Weigend proposed to use the Sharpe ratio directly as our training objective, 
instead of MSE. With the use of gradient ascending algorithm, parameters in the trading 
system are adjusted, so that the resulting Sharpe ratio is optimized. In the following, the 
Weigend's model will be discussed. 
1.2.3.2 The Model Setup 
In the model, there are only two securities involved in trading; one risky and the other risk 
free. At any time moment t during the holding period, a fraction of our total wealth 0Ct is 
allocated onto the risky asset, where 0Ct takes on continuous values between [-1,1]. When cct 
is positive, long position is taken. When cct is negative, short position is taken. Here the 
short position means that the risky asset is borrowed from a broker, and sold to another 
investor. When the price of the security falls a gain will be made by buying the security 
from the market and repaying it the broker. Therefore sell high first, buy low then and 
make money finally. For example if oCt=0.5, 50% of the wealth is allocated onto the risky 
asset. If 0Ct= -0.5, 50% of the wealth is allocated as the reserve, so that the investor can 
borrow stocks from the broker. 
Now what it needs to adjust the value of at during the investment period. A neural network 
is used to generate this 0Ct. In the neural network, the expected value, mt, and the standard 
deviation, St, of the price retum (price retum will be discussed later) at each time moment 
are used as the input, and the allocation 0Ct is given out at the output layer. The hidden and 
output neurons of the network are all with the hyperbolic tangent function as the activation 





Figure 1.15 A neural network trained to give cct 
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1.2.3.3 The Objective Functions 
In the following, we are going to define the Sharpe ratio of a security. But first it needs to 
define some related concepts; Suppose trading takes place at discrete time steps, i.e. at time 
t=l, 2, ..., N, where N is the total number of time steps in the holding period. A time step 
here can be one day, one week, one month, or any fix period of time. Let pt be the price of 
the risky security at time moment t. 
1. Define the relative price retum at time t to be 
Xt = ln(pt) - ln(pt-i) = (pt - pt-i) / pt (1.46) 
2. Define the asset retums to be 
^t=atXt (1.47) 
3. Define the average daily retum, u, to be 
u=(Et^= i ^ / N (1.48) 
and the average time step excess retum, Ue, to be 
ue=u-k (1.49) 
where k is the retum of a risk free security during one time step and is assumed to be 
constant over the whole holding period. 
4. The standard deviation of the excess retum is given by 
� = { i 5 r = i ( t u j 2 } 2 (1.50) 
And finally define the annualized Sharpe ratio SR to be 
SR=(UeVx)/a (1.51) 
Where T is a constant, and in the Weigend's paper T is set to be 253. 
1.2.3.4 The Gradient Ascending Algorithm 
Now once the objective function is set up, the gradient of the annualized Sharpe ratio with 
respect to the neural network's weightings an be found. Then the gradient ascend algorithm 
can be used to adjust the neural network's weighting so that the objective Sharpe ratio is 
maximized. 
1.2.3.5 The Gradient of the Sharpe Ratio 
By using the Chain Rule and some algebra, it can be shown that the gradient of the Sharpe 
ratio with respect to the neural network's weighting is 
M = A y " � i _ i f £ _i_Y^ . 几 丛 
aw oN“=i a ' � N ^ j = : � '~^ 
. L ^ 刀 （1.52) 
1 晰 /1 2 � where — = (1 - a^ )y^, and y^  is the "net - input" to the output neuron. 
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1.2.3.6 The Training Procedure 
The following steps are carry out to adjust the neural network's weighting, and find out a 
local maximum point for the objective Sharpe ratio. 
1. Calculate the value of 0Ct for t=l up to N, by feeding all the training data into the 
network. 
2. Calculate Ue, a and the Sharpe ratio SR. 
3. Choose a training pattem t at random and calculate ^ . 
4. Calculate 3SR/3w with the gradient equation above. 
5. Update the network weightings with the updating formula w=w+r|Aw, where r| is the 
learning rate and Aw is the t th term in the summation of the gradient formula above. 
Aw = [ l - i f ^ , - 丄 y ^ 1 ( l l x , (1 — a^)r, 
_ c r � b f ^Z^M^7jJ ^ , " , (1.53) 
1.2.3.7 Some Properties of the Sharpe Ratio Training 
In Weigend's paper, two experiments were done with computer-generated data; one with 
noise free data and the other with noisy data. Some properties of the Sharpe ratio training 
are investigated. It is found that 
- W h e n the data is noise free, the allocation cct is a decreasing function of the absolute 
value of Xt, the price retum of the security. It means that when the price retum of the 
security is too large or too small, the system will regard it as very risky, and thus reduce 
the mount of allocation so as to reduce the risk. 
- S i n c e the standard deviation is symmetric, the system will regard a high profit to be the 
same with a heavy loss. 
- W h e n there is noise in the data, as the amount of noise increases, the allocation 0Ct and 
the Sharpe ratio finally attained by the system will be reduced. 
The training method proposed by Weigend is completely new compared with the traditional 
prediction criterion training methods. This training method closely links the system 
parameters to our final financial objective, and it let's directly see the relationship between 
them. 
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1.2.4 The Bengio's Model [5] 
In Weigend's model, the investor can only do trading on one security. In Bengio's model, 
the investor can trade a portfolio of securities. In chapter 2 and 3，the Sharpe ratio trader 
proposed by us will be mainly based on the Bengio's model. Therefore in the following 
sections, the Bengio's model and its properties will be discussed first. 
1.2.4.1. Overview 
In Bengio's trading model, the trading system consists of two components: a prediction 
model and a decision model. In the prediction model Ml(x,0i), for each security, there is 
a neural network with network parameters 6i receiving the past data x and predicting the 
movement of its price value y. In the decision model M2(y, 0i), there is a trading 
algorithm with parameters 02 receiving the prediction y of the prediction model and 
producing the weighting of the portfolio w. Then the portfolio is adjusted with this 
weighting by doing transaction. 
The following figure shows the flow of the trading process. 
Input Data x Prediction Prediction y 
Decision 
• ModuleMl(x,9i) • � , , 
� 1 " Module M2(y,92) 
，r 
D ^ ^ r^~~~ Portfolio 
|Re tumC h " ~ Tradmg , — — W e i g h t w 
FigureL16 Flow of the Bengio Trading System 
The parameters in the whole trading system is adjusted with maximum retum criteria; 
one first find out 3C/3w, the gradient of the retum with respect to the portfolio weighting. 
Then the chain rule aC/aei=aC/aw*3w/aei and dC/dQ2=dC/dw*dw/de2 can be used to 
find the gradient of the retum C with respect to the prediction and decision module 
parameters. Finally the gradient-ascending algorithm is used to adjust the parameters in 
both modules so as to maximize the retum. 
1.2.4.2. The Trading System 
The whole trading system consists of two components, the prediction module and the 
decision module. 
-The Prediction Module 
The neural networks are used to predict the price movement of the stocks. One network is 
trained for one security. Each network uses the stocks' past data as input, and the price 
value in the future is predicted. 
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-The Decision Module 
In the decision model, a trading algorithm called the soft-trading algorithm is used to 
determine the weighting of the securities in the portfolio according to the prediction. In 
this system, the trading takes place at time moment discretely indexed, i.e. t=l,2, ",T, 
where T is the total number of time steps in the whole holding period. This trading 
algorithm has the property that the weighting generated by the algorithm is an almost 
everywhere differentiable function of its parameters and the prediction value of the 
prediction model. Therefore the gradient of the portfolio weighting with respect to the 
modules' parameters can be found. 
The following is the detail of the trading algorithm. 
1. (Assign a goodness value g ^  ^  and a badness value b^  ^  between 0 and 1 fo each stock) 
n-\ 
氺（Compute the average percentage change in price) y^  ^ + ^  y^. 
i=0 
*(goodness)g,. ^sigmoid(so(y, . -max(cJ^,c,y^ J ) ) 
* (badness)b,. ^sigmoid(Si (min(boy,,b,y^^^) - y(’!)) 




3.(Compute the change in cash) 
n-l 
(a) S t— t a n h ( a � + … ^ (b^ . - g, ,_)) 
i=0 
(b) If S t> 0 (more bad than good, increase cash) 
Thenwtn^w:_in+^^tkt 
Else (more good than good, reduce cash) 
Wt，n—W;-i’„C^t 
(c) So the amount avaliable to buy is: 
at — k t - ( w t ’ r w : - i ’ j 
4. (Compute amount to buy and the new weights w ^  ^  for the stocks) 
n - l 
(a) s t 卜 ^ g t i (a normalization factor) 
i = 0 
(b) w t，i — w ;.j. (1 - sigmoid (T)b^.) + ^ cit 
Algorithm 1.1 The "Soft" Trading Module 
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Suppose the portfolio weighting given out to be Wt=(Wt，o,Wt,i,.”Wt，n). It can be seen that Wt 
is a differentiable function of parameters 02 and yt, where 02=(ao,ai ,bo,bi,co,Ci,so,Si,x), 
yt=(yt’i，yt’2，",yt’n-i) being the prediction from the prediction model. In this algorithm, yt is 
the expected percentage change in each stock price at the time step t. 
1.2.4.3 The Objective Function: the Portfolio Return 
After the prediction and decision modules are setup, it needs to determine their 
parameters' values. To achieve this, it needs to adjust these parameters according to some 
criterion. In Bengio's model, the retum of the portfolio is used as the training criterion. 
In the calculation of the portfolio's retum, we should express the retum in terms of the 
portfolio weighting, and at the same time, take the transaction cost into consideration. In 
the following let's derive the retum C of the portfolio in terms of the portfolio weighting. 
Suppose there are n stocks, and a cash asset (which may eam short-term interest). The 
holding period starts at time moment t=l and ends at t=T. From time t=l to t=T, it needs 
to adjust the weights of these stocks Wt=(Wt，o，Wt，i,.,Wt，n), such that the final retum is 
maximized. Here it is assumed that the stocks can be traded in fraction. 
The training criterion is the final retum. Here the retum is defined as the ratio of the 
wealth at the end of the investment to that at the beginning. That is 
Overall retum = (Wealth at t=T) / (Wealth at t=l) (1.54) 
More precisely, at time t, suppose the investor has a total wealth of at. Then for each 
stock i, he has invested a wealth of au=atWt,i. When it comes to time t+l, the price of the 
stocks changes. Now define the multiplicative retums rt,i of each stock as 
rt,i=valuet+i,i/valuct,i 
After the price changes, our wealth spent on stock i becomes a't,i=ruat,i. And the total 
wealth becomes a't=Eta't,i=Struat,i=atEirt,iWt,i, At the same time, the weighting of the 
stocks in the portfolio has changed also; the weighting for stock i changes from Wi,t to a 
new value of w'i,t=a't,i/aV 
The price change at time t+1 enables us to make a gain of Rt=a'/at= ZiruWt,i. But at this 
moment, it also needs to adjust the weighting for stock i, changing the weighting from w't 
to Wt+i. To change the weighting, some trading should be done, and consequently some 
transaction cost incurred. Suppose the transaction cost is proportional to the value of 
transaction, i.e. doing a transaction of value v will cost an amount of cv, where c being 
the proportional constant. Therefore to change the weighting of stock i from w't to Wt+i, 
the investor should pay an amount of c|a'twt+i,i-a'tw't,i|. And the total transaction cost he 
has to pay for all the stocks is c2i|a'tWt+i,i-a'tW't,i|. 
After adjusting the stocks weighting, the wealth at time t+1 becomes, accounting the 
transaction cost, 
at+i=aV cEi|a'tWt+i,i-a'tw't,i| (1.55) 
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And the loss due to transaction is defined as Lt=at/aVi, or Lt=l- cEi|wt,i-wVi,i|. Therefore 
the ratio of our wealth at time t+1 after the weighting adjustment to that at time t just 
before the price changes is RtLt= (5>t，iWt’i.)(l-c51i|wt,i-w，t-i，i|). If the investor trades from 
time step 1 to time step T, the ratio of out final wealth to our wealth at the beginning of 
the investment isjust the product n7=i(Sirt,iWt,i.)(l-cEi|wt,i-w't.i,i|). 
Now it needs to maximize this product. However in order to make our calculation more 
easily, especially when differentiation is involved, instead of maximizing this product, we 
maximize its logarithm 
C = 2t log(Eirt,iWt,i) + log(l-cEi|wt,i-w't-i,i|) (1.56) 
which is our objective function. 
1.2.4.4 The Training Process 
-Gradient Ascend Algorithm 
After the objective function is defined, it needs to maximize its value by adjusting the 
parameters of the trading system. The main strategy used is the gradient ascend 
algorithm. 
From the objective function, it can be seen that the retum at the time step t is a 
differentiable function of Wt,i and wVi,i； 
C(wt,wVi)= log(Sirt,iWt,i) + log(l-cEi|wt,i-wVi,i|) (1.57) 
Furthermore from the trading algorithm, it can be seen that Wt,i(yt,e2) is a differentiable 
function of the prediction yt given out by the prediction module and parameter 62, the 
parameters of the decision module itself. Note also that the prediction yt from the 
prediction module is a differentiable function of the network parameters 9i. As a result, 
the retum at time t can be expressed as an almost everywhere differentiable function of 
ei,02andwVi as C(9i,e2,w't.i). 
Therefore to maximize the retum at time t, we can use the gradient ascend algorithm to 
adjust the parameters 9i and 62, both in the neural networks and the decision module, and 
also the weighting wVi,i of the stock i just before the price change. In this algorithm, the 
gradient vector of the retum C with respect to the parameters should first be found, and 
then it needs to move in the parameter space in the direction of the gradient. 
-Calculating the Gradient 
The gradient needs to find are aC/a6i, dC/dQ2 and aC/3wVi,i. To find these gradient 
vectors one should first calculate 3C/3wt. This can be easily written down as 
3C/3wt’i=rt’i/a:irt,iWt’i)-c*sgn(Wt’i-wVi,i)/(l-cXi|wt’i-w，t_i’i|) (1.58) 
where sgn(x) retum the sign of x. 
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a. Calculating dC/dQ2 
Then dC/d62 can be found by using the chain rule 
ac/ae2=ac/3wt*awt/ae2, (1.59) 
where 02=(ao,ai,bo，bi,Co,Ci,so，Si,T). 
Here 3wt/302 can be calculated from the trading algorithm. 
b. Calculating aC/a9i 
To calculate 3C/30i, the gradient with respect to the networks' weights, it first needs to 
find dC/dy and 3y/3xt+step, where Xt+step is the prediction of a neural network at time t. 
Then by chain rule again 
ac/a0i=ac/3y * ay/axt+step * 3xt+step/3ei. (i.6o) 
c. Calculating 3C/3w't.i,i and Back-Propagation of Gradient 
Finally it needs to calculate 3C/3w'M,i using chain rule, 
ac/awVi,i=^[3c/awt,j * awt,j/awVi,i ] (i .6i) 
where 3wtj/3wVi,i can be calculated from the trading algorithm. 
However this is not the final answer since if it needs to adjust wVi,i, we should adjust the 
corresponding wn.i； if Wt_i,i is not good, w V i , i can not be good in the sense that it can not 
gives a larger retum at time t. So it should go back to the past (time step t-l), repeat the 
history by adjusting Wt-i,i so that it provides a good w't_i,i for time step t. 
To do this the gradient should be passed back into the past. By the definition of wVi,i 
w't.i,i=a't.i,i/a't-i=Wt-i,irt-i,i/(EiWM,irt-i,i) (1.62) 
The gradient 8C/3wt-i,i can be found from 3C/3w't.i,i with chain rule 
ac/awt-i,i=2j [ac/awVi,i * a w v ^ / a w V i j (i .63) 
Now we have got 3C/3wt-i,i for the time step t-l, and can repeat the calculation for the 
gradient with respect to the parameters 0i and 62. This calculation is just what it has been 
done at time step t-1 (note that 61 and 62 are parameters at time t-1 but not at time t) 
except the difference that 3C/3wt-i,i is not the same one. The corresponding changes in 
the parameters at t-1 are added to the parameters at time step t. After back-propagating 
the gradient to time step t-1, the process is repeated for the time steps t-2, t-3, .., 2,1. 
d. Maximization under constrains 
When adjusting the weighting of the stocks in the portfolio, we are maximizing the final 
retum with respect to the weighting under the constraint that these weights should be 
between 0 and 1，and they should sum up to 1. The way to do such kind of maximization 
is to first calculate the gradient without the constraint, then add an additional vector to 
this gradient vector such that the sum of the resultant vector and the weighting vector 
falls back to the feasible region. 
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1.2.4.5 Computer Simulations: 
In the following, an experiment has been done to investigate some properties of the soft 
trading system. It is found that in the training process, the trading system intends to 
concentrate only on the retum and neglect the risk so suffered during the maximization. 
Experiment Objective: In this experiment, we want to see how the soft trading system 
choose between retum and risk. But first, it needs to define some terms to measure the 
retum and the risk of a portfolio. 
Let Wt be the wealth an investor has at time step t. 
Define Ct to be the relative wealth retums at time t, 
Ct=ln(Wt)-ln(WM)-(Wt-Wt.i)/Wt (1.64) 
Define TR to be the average time step retum as 
TR=(Zt^=iCt)/T (1.65) 
Define ER to be the average time step excess retum as 
ER=TR-k (1.66) 
where k is the time step risk-free rate of retum and is assumed to be a constant. 
Define SD to be the standard deviation of the retum as 
SD={ l /T*2ji(Ct_KR)Y" (1.67) 
Define SR to be annualized Sharpe Ratio as 
SR=A*ER/SD (1.68) 
where A is a constant and in this experiment A=V253, where 253 is the number of trading 
days per year. 
So in this experiment, the retum of the portfolio is measured by the average time step 
excess retum, ER, and the risk is measured by the standard deviation of the retum, SD. 
The annualized Sharpe Ratio SR is a measure for the over all performance of the 
portfolio when both the retum and the risk are taken into consideration. 
Experimental Setup: 
In this experiment, only 2 hypothetical securities are considered. One of them has a high 
retum but larger risk, and the other has a lower retum but a smaller risk. We want to see 
how the soft trading system, which is trained based on the maximum retum criteria, will 
choose between these 2 securities. 
The two securities are generated by the following recursive functions: 
Hypothetical security 1: pFpn+O.l+O.OOlr, po=50 (1.69) 
Hypothetical security 2: pt=pt-i+0.2+0.5r, po=50. (1.70) 
where r is a standard normal random signal. 
It can be seen that the security 1 has the line O.lt as its trend, while the security 2 has the 
line 0.2t as its trend. The random signal in security 1 has a standard deviation of 0.001， 
which is very small compared to that of security 2，0.5. So it can be said that security 2 
will have a larger retum than security 1 but will suffer a larger risk than security 1. 
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The following figure shows the price pattems of the two securities. 
Price of the securities 
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Figure 1.17 The Price Data for the Two Securities 
In the experiment, the training process is iterated for about 10000 epoches (one epoch is 
one update of the parameters with one training pattern). Then we check how the excess 
retum, the standard deviation and the Sharpe ratio change during the training process. But 
first it need to define some terms so that one can see the picture more clearly. 
The rate of change of standard deviation at epoch i (RCSDi) is defined as: 
RCSDi=(SDi-SDi.i)/SDi_i (1.71) 
where SDi is the annual standard deviation found at epoch i. 
The rate of change of excess retum at epoch i (RCERi) is defined as: 
RCERi=(ERi-ERi.i)/ERi_i (1.72) 
where ERi is the annual excess retum found at epoch i. 
The ratio of rate of change is defined as 
RRCi=RCSDiy^CERi (1.73) 
The quantity RRQ, ratio of rate of change, is used to see how the trading system chooses 
between retum and risk during the training process. In the case both retum and risk are 
increasing, RRQ>1 means that after the parameter updated at epoch i, the percentage 
increase in risk is larger than the percentage increase in retum. In other words, the trading 
system is more willing to bear a greater risk in order to gain smaller retum. Now let's 
look at the portfolio weighting, annual excess retum, annual standard deviation of the 
excess retum, the Sharpe ratio, and the ratio of rate of change during the training process. 
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Figure 1.18 Training Excess Retum Figure 1.19 Portfolio Weightings 
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From Figure 1.18，it can be seen that before the training, the excess retum is about 40%. 
After training the retum rises to about 52%, this extra increase in retum, 12%(=52%-
40%), is due to the training process based on maximum retum criteria. 
From Figure 1.19，note that after training, the trading system put all its weighting on 
security 2, the one with higher retum and higher risk. This result is natural because the 
training process is based on maximizing the retum, so the system only focus its attention 
on the retum and will eventually put all its money onto the higher retum security. 
From Figure 1.20 it can be seen that the Sharpe ratio is decreasing during training. This is 
due to the fact that during training, the risk is increasing (Figure 1.21), and its rate of 
increase is greater than the rate of increase in the retum, as it can be seen in Figure 1.22. 
From Figure 1.22, it can be seen that the ratio of rate of change is persistently above 1. 
This means that for 1% increases in retum, the system will suffer from more than 1% 
increase in risk. However, since the training process is based on maximum retum, the 
training process will not stop as the risk increases, and the system goes on looking for a 
new set of parameters that gives a larger retum, even a greater risk as well. 
1.3.4.6 Discussion: 
When one invests in a financial market, he is always hoping to make a profit. But on the 
other hand, one should bear a risk during the trading. In order to reduce the risk, one can 
combine several securities to form a portfolio. Note that the purpose of a portfolio is to 
reduce risk. But in Bengio's model the trading system is trained based on the maximum 
retum criteria. When one get a larger retum, he must be prepared to bear a greater risk. 
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To maximize the retum of the trading system the corresponding risk must be increased 
since the system will put a heavy weight on the security with the largest retum, as it can 
be seen in the experiment above. As a result, the portfolio has lost its meaning, i.e. to 
reduce risk. In other words, the portfolio trading model and the objective is contradictory. 
One good way to solve this dilemma is to change the objective of the trading system. For 
example we can use Sharpe ratio as our objective function and adjust the parameters so as 
to maximize the Sharpe ratio. If the objective function is set to be the Sharpe ratio, it only 
needs a small change to the original model. It only needs to calculate the gradient of the 
Sharpe ratio with respect to the module parameters, and again use the gradient ascend 
algorithm to adjust the parameters. In the following chapter 2 and 3, we will discuss how 
to build a portfolio trading system, based on Bengio's model, and trained with the Sharpe 
ratio objective. 
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Chapter 2: Naive Sharpe Ratio Model 
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2.1 Introduction 
In the last introductory chapter, The Bengio's and Weigend's trading models have been 
discussed. Both of them are trained with the financial criterion rather than the usual 
prediction criterion. In Bengio's model, the trading system is trained based on the 
maximum retum. However this approach would make the investor suffer a great risk even 
though the expected retum is high. In Weigend's model, the Sharpe ratio training 
objective can measure the performance of a security using its retum as well as the risk. 
However the trading system can only do transaction with one security, and can not enjoy 
the benefit of portfolio, which can reduce the unique risk. 
In this chapter, it needs combine the strength of these two models, and eliminate their 
weaknesses; we are going to build a trading system which trades a portfolio of securities, 
and at the same time, use a suitable training objective, the Sharpe ratio. In the following, 
our first Sharpe ratio trading model, the naiVe Sharpe ratio model will be defined, and 
then some discussion will be made on some properties about the gradient vector of naiVe 
Sharpe ratio with respect to the portfolio weighting. 
2.2. Definition of the Naive Sharpe Ratio 
The naiVe Sharpe ratio to be defined below is similar to the Sharpe ratio defined in 
Weigend's model. In this model, the portfolio is treated as a single security, and he Sharpe 
ratio is defined similarly to that in Weigend's model. As for the excess retum, we first 
define the retum of the portfolio at each time step, and the average retum of the portfolio 
at the end of the holding period. Then the excess retum is defined by subtracting the risk 
free security's retum from the portfolio's average retum. As for the risk, it needs to make 
use of the standard deviation of the portfolio retum at each time steps as the measure. 
Now we define these concepts more precisely. 
Let Wt be the wealth an investor has at time step t. 
1. Define Ct to be the relative wealth retums at time step t, 
Q=ln(Wt)-ln(Wt-iMWt-Wt_i)/Wt. (2.1) 
2. Define TR to be the average time step retum, i.e. 
TR=&T=iQ)/T (2.2) 
where T is the total number of time steps during the investment period. A time step here 
can be one day, one week, one month or any fix period of time. 
3. Define ER to be the average time step excess retum, i.e. 
ER=TR-k (2.3) 
where k is the time step risk-free rate of retum and is assumed to be a constant. 
4. Define SD to be the standard deviation of the retum, 
SD={l/T*2t=VCt_ER)Y,2 (2.4) 
5. Define SR to be annualized Nai.ve Sharpe Ratio 
SR=A*ERy^SD (2.5) 
where A is a constant and here A=V253, where 253 is the number of trading days per 
year. 
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2.3 Gradient of Naive Sharpe Ratio with respect to the portfolio weighting 
Referring back to the derivation of the objective function in the maximum retum criteria 




where Rt is the gain due to stocks' price change and Lt is the loss due to transaction. 
Therefor Ct can be expressed in terms of the portfolio weightings as 
Ct=ln(Eirt,iWt,i)+ln(l-cS|wt,i-w't-i,i|) (2.7) 
This term is exactly the term it needs to maximize in the case of maximum retum criteria. 
Now we find the gradient of SR with respect to the portfolio weighting. 
First calculate 3ER/3wt,i. 
dER _ dTR 
^t,i ^tj 
= 踏 （2.8) 
TtfM,i 
_ 1 d q 
^M,i 
Then we find 3SD/3wt,i： first note that 
^SD' 2 _ . aC, , aSD 1 dSD' ^ 
^ = - i C ^ - E R ) - ^ , ^ n d - ~ ~ = 7 r ^ ^ — — , w e have 
ow. • T dw. . dw,,. 2SD dw,,. 
(,* * ，‘ I ，t i jl 
S ^ ^ ( C ' - - ) & (2.9) 
‘» ' 1 ，1 
Finally the gradient of naive Sharpe ratio can be written as 
dSR A dC, ,1 ER (C, — ER ) 
^ = Y ^ 3 ^ (1 - " ^ ^ S ^ ^ ) (2.10) 
Note that the calculation of this gradient vector is subject to the constraint that the 
weighting wu's are between 0 and 1, and sum to 1. For details for modifying this original 
gradient vector, please refer to the appendix. 
2.4. The Training Process 
Before the training process, the neural networks are first trained with prediction criterion, 
i.e with mean square error training. However the networks are not trained to the 
minimum of MSE, but stopped at a certain stage, for example when the MSE is smaller 
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than a certain threshold. After that we start the training with the Sharpe ratio criterion. 
In the training process, the trading system is first simulated once from the beginning of 
the holding period to the end of the period. That is, we do trading from time step t=l to 
the t=T. Then we calculate the naive Sharpe ratio after all the transactions have been 
done. 
Now randomly select a time step t, calculate the corresponding gradient 3SR/3wt,i, and 
use the gradient ascend algorithm to adjust the portfolio weighting and the system 
parameters, 6 say. To calculate the gradient of the Sharpe ratio with respect to the system 
parameters, it just needs to follow the idea in Bengio's model; by using Chain rule, the 
gradient 3SR/36 can be expressed as 3SRy'39 = 3SR/3wt,i * 3wt,i/39. For the details of the 
derivation of the gradient with respect to the system parameters, please refer to the 
appendix B. 
After the parameter adjustment, the system is simulated on the training data once again, 
and the naiVe Sharpe ratio is recalculated. Generally speaking the naiVe Sharpe ratio will 
increase as the training goes on. This process is repeated until the naiVe Sharpe ratio 
reaches a maximum value. 
2.5. Analysis of the gradient of the naive Sharpe ratio 
Referring to the equation (2.10) of the gradient of naiVe Sharpe ratio above, it can be seen 
that the system sometime maximizes the retum and sometime minimizes the risk, 
depending on the factor A=ER*(Ct-ER)/SD^ 
Since the quantities A, T and SD are all positive numbers, if A<1, the gradient of naiVe 
Sharpe ratio 3SR/3wt,i is just pointing at the same direction with the gradient of retum 
3C/3wt,i. So the retum is maximized. If A>1, the gradient of the naiVe Sharpe ratio 
3SR/3wt,i is just pointing at the opposite direction with the gradient of retum 3C/3wt,i. So 
the retum is minimized. Since the nai"ve Sharpe ratio increases after updating the system's 
parameters with 3SR/3wt,i, the risk is thus reduced. It is because if the value of a fraction 
increases while its numerator decreases, its denominator must decrease. Therefore if A<1, 
the trading system will increase the retum. If A>1, the trading system will decrease the 
retum as well as the risk. 
Moreover the term A can be factored into 2 parts; ER/SD and (Ct-ER)/SD. 
Consider the case ERy^SD>0, or the case in which the retum of the portfolio outperforms 
the retum of the baseline risk free security. The problem can be divided into 3 situations: 
Situation 1: If at time step t, Ct is below the average excess retum ER, i.e. Q<ER, then 
A<0, and the system will move to a new point in the parameter space which will give a 
higher retum. 
Situation 2: If at the time step t, Ct is greater than the excess retum ER, but less than the 
quantity ER+SD^y^R, i.e. ER<Ct<ER+SD^/ER, then A<1 and the system is still 
maximizing its retum. 
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Situation 3: If at time step t, Q is not only greater than the excess retum ER, but also 
greater than ER by a value of SD^/ER, i.e. Ct>ER+SD^/ER, then we have A>1. And in 
this case the system will move to a new point in the parameter space which will give a 
smaller risk. 
It can be seen that the system will look at the retum Ct at each time step t. If Ct is too 
small (Ct<(ER+SD^/ER), the system will maximize this retum at this time step. If it is too 
large (Ct>(ER+SD^/ER), the system will reduce the retum and the risk for this time step. 
2.6 Compare with Bengio's and Weigend's Models 
In the Bengio's model, the trading system is for trading of a portfolio of securities. The 
training criterion is the maximum retum. In Weigend's model, the trading system is for 
trading of one security only. The training criterion is the Sharpe ratio. In our model, the 
trading system is for trading of a portfolio of securities, and the training objective is the 
Sharpe ratio. The following table shows a brief summary of these three models. 
Bengio Model Weigend Model Our Model 
Trade on Portfolio Single Security Portfolio 
Training Objective Retum Sharpe Ratio Sharpe Ratio 
Table 2.1: Compared with Bengio's and Weigend's Models 
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2.7. Computer Simulations 
2.7.1 Experiment 1: How the Sharpe Ratio is Maximized 
Objective: In the following experiment, we want to see how the trading system 
maximizes the naiVe Sharpe ratio. Three sub-experiments have been done. Each sub-
experiment involves 2 hypothetical securities. The average retum, the risk and the nai"ve 
Sharpe ratio at each training epoch are recorded. By comparing the rate of change of the 
retum and the risk, we find that there are three ways to maximize the nai've Sharpe ratio. 
Now let's define some concepts which will make our discussion more clearly. 
The rate of change of standard deviation at epoch i (RCSDi) is defined as: 
RCSDi=(SDi-SDi.i)/SDi_i， (2.11) 
where SDi is the annual standard deviation found at epoch i. 
The rate of change of excess retum at epoch i (RCERi) is defined as: 
RCERi=(ERi-ERi_i)/ERi_i, (2.12) 
where ERi is the annual excess retum found at epoch i. 
The ratio of rate of change is defined as 
RRCi=RCSDi/RCERi (2.13) 
The quantity RRQ, ratio of rate of change, is used to see how the trading system chooses 
between retum and risk during the training process. Let consider the following two cases. 
Case 1: In this case both rate of change of retum and risk are positive, i.e. both retum and 
risk are increasing: 
Situation 1: If RRQ>1, it means that after the parameter updated at epoch i, the 
percentage increase in risk is larger than the percentage increase in retum. In other words, 
the trading system is more willing to bear a greater risk in order to gain smaller retum. 
The system is more aware of the retum 
Situation 2: If RRQ<1, it means that after the parameter updated at epoch i, the 
percentage increase in retum is larger than the percentage increase in risk. In other words, 
the trading system has found a better position in the parameter space, which will gives a 
large increase in retum but a small increase in risk. 
Case 2: In this case both rate of change of retum and risk are negative: i.e. both retum 
and risk are decreasing: 
Situation 1: If RRQ>1, it means that after the parameter updated at epoch i, the 
percentage decrease in risk is larger than the percentage decrease in retum. In other 
words, the trading system reduces a large amount of risk by reducing a small amount of 
retum. 
Situation 2: If RRQ<1, it means that after the parameter updated at epoch i, the 
percentage decrease in risk is smaller than the percentage decrease in retum. In other 
words, the trading system reduces a small amount of risk by reducing a large amount of 
retum. 
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2.7.1.1 Experiment 1.1 
Experimental Setup 
In this experiment, consider 2 hypothetical securities. One of them has a high retum and 
smaller risk, and the other has a low retum but larger risk. 
The two securities are generated by the following recursive functions: 
Hypothetical security 1: pt=pt-i+0.3+0.5r, po=50 (2.14) 
Hypothetical security 2: pt=Pt-i+0.1+r, po=50 (2.15) 
where r is a standard normal random signal. 
It can be seen that the first security has 0.3t as its trend while the second security has O.lt 
as its trend. So the first security has a larger retum than the second one. On the other hand 
the standard deviation of the random signal of security 1 is 0.5 while that of security 2 is 
1. This means that the first security has a smaller risk than the second one. 
In this experiment, 1000 daily price values are generated for training. In the prediction 
model, one neural network is used to predict the price movement of each security. The 
network receives the price values of the security in the past 10 days, and then gives the 
prediction for the price value one week later. For the trading model, Bengio's trading 
algorithm is used to determine the weighting of the securities in the portfolio. Before 
training, the initial weighting of the securities are set to be equal in the portfolio. 
Experimental Result 
Now look at the experiment result. 
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Figure 2.3 Annual Standard Deviation Figure 2.4 NaiVe Shapre Ratio 
Figure 2.1 shows the price patterns of the two securities. It is seen that security 1 is rising 
more sharply and steadily than security 2. It is because it has a higher retum but a lower 
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risk. During the training process, more and more weighting is put onto security 2. As a 
result the excess retum of the portfolio is rising, Figure 2.2, while the risk of the portfolio 
is falling, Figure 2.3. And of course the naiVe Sharpe ratio is increasing, Figure 2.4. Here 
we find a very simple way to increase the naiVe Sharpe ratio; increase the retum and 
decrease the risk. 
2.7.1.2 Experiment 1.2 
Experimental Setup 
In reality securities with higher retum will always bear a higher risk and vise versa. So in 
this experiment, consider another 2 hypothetical securities. One of them has a higher 
retum but larger risk, and the other has a lower retum but a smaller risk. We want to see 
how the soft trading system balance the retum and the risk so as to increases the naive 
Sharpe ratio. 
The 2 securities are generated by the following recursive functions: 
Hypothetical security 1: pt=pt_i+0.1+0.5r, po=50 (2.16) 
Hypothetical security 2: pt=pt_i+0.5+r, po=50 (2.17) 
where r is a standard normal random signal. 
It can be see that the security 1 has the line O.lt as its trend, while the security 2 has the 
line 0.5t as its trend. The random signal in security 1 has a standard deviation of 0.5， 
which is smaller compared with that of security 2, that is only 1. So it can be said that 
security 2 has a larger retum than security 1 but suffers a larger risk than security 1. The 
following figure shows the two securities: 
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Figure 2.5 The Two Securities 
In the experiment, beside the excess retum, the risk and the naiVe Sharpe ratio, it needs 
also to see the ratio of rate of change during the training process. The system setup of this 
sub-experiment is the same with the first one, but with different securities. 
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Experimental Result 
Let's now look at the experimental result. 
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Figure 2.8 Nai've Sharpe Ratio Figure 2.9 Ratio of Rate of Change 
It can be seen that at the beginning of the training, the retum and the risk are both rising. 
This phenomenon is close to the real world situation; the larger the retum a portfolio has, 
the larger the risk it will suffer. From Figure 2.9, it can be seen that the ratio of rate of 
change keeps below 1 at the beginning of the training. This means that at the beginning 
of the training process, in order to increase the nai've Sharpe ratio, the system increases 
the retum as well as the risk. However the rate of increase of retum is greater than the 
rate of increase in risk, as a result the naiVe Sharpe ratio increases. On the other hand, 
after the naiVe Sharpe ratio reaches the maximum, the ratio of rate of change vibrates 
around 1. This means that the system do not prejudice the retum nor the risk, and treat 
themjust equally. 
Here we can see another way to maximize the naiVe Sharpe ratio; increase the excess 
retum as well as the risk, but with the rate of increase in excess retum greater than 
increase in risk. 
2.7.1.3 Experiment 1.3 
Experimental Setup 
Increase in retum is not the only way to increase the Sharp ratio. The Sharp ratio can also 
be maximized if the retum is reduced as well as the risk. The following experiment shows 
this phenomenon. 
The 2 securities are generated by the following recursive functions: 
Hypothetical security 1: pt=pn+0.1+0.5r, po=50 (2.18) 
Hypothetical security 2: pt=pt_i+0.2+r, po=50 (2.19) 
where r is a standard normal random signal. 
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The following figure shows the two securities: 
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Figure 2.10 The Two Securities 
The system setup of the experiment is the same with that of the first sub-experiment, but 
with different securities. 
Experimental Result 
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From Figure 2.11 and Figure 2.12, it can be seen that at the beginning of the training 
process, both the retum and the risk decrease with training epoch. But their ratio, the 
Sharp ratio, increases, Figure 2.13. From Figure 2.14 we see that the ratio of rate of 
change is above 1 at the beginning of the training. This means that the rate of decrease in 
risk is greater that the rate of decrease in retum, as a result the naiVe Sharpe ratio 
increases. At the end of the training, since the naiVe Sharpe ratio has reaches the 
maximum, the system treats the retum and risk equally, and the ratio of rate of change 
just vibrates around 1. 
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Here it was seen the third way to increase the naiVe Sharpe ratio; decrease the risk as well 
as the retum, but with the rate of decrease in risk being greater than that in retum. 
Discussion 
A new trading model, based on Bengio's and Weigend's models, is built. In this new 
trading model, the naiVe Sharpe ratio is used as the training objective. In the new 
objective, the retum is not the only point to be considered, but as well as the risk. To 
maximize the naiVe Sharpe ratio, the trading system can achieve this in 3 different ways. 
(1) Increase the retum and reduce the risk. 
(2) Increase both the retum and risk but with rate of increase in retum greater than that in 
risk. 
(3) Decrease both the retum and risk but with rate of decrease in risk greater than that in 
retum. 
The following figure shows these three ways to increase the naiVe Sharpe ratio: suppose 
we start at a point P inside the feasible region. Increasing the retum and reducing the risk 
will move the point P in the top-left direction (pointing along direction a). Increasing both 
the retum and risk but with rate of increase in retum greater than that in risk will move 
point P in "top-right-top" direction (pointing along direction b). Decreasing both the 
retum and risk but with rate of decrease in risk greater than that in retum will move point 
P in the "left-bottom-left" (pointing along direction c). Along these three directions, the 
point P will move closer and closer to the efficient frontier. 
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2.7.2 Experiment 2: Reducing the Unique Risk 
Objective: When one trade with a portfolio, he is expecting that the unique risk can be 
diversified, and as a result the risk of the portfolio should be at a rather low level 
compared with the risk of the component securities. In this experiment, it needs to show 
that the trading system trained with the nai've Sharpe ratio criteria can really reduce the 
unique risk, and the portfolio's risk will be kept at a rather low level. 
For the training data, the computer is used to generate 3 hypothetical securities. Each of 
them has different retum and different risk. Then we create a portfolio with these 3 
securities, and trade this portfolio with the weighting signals given by our naive Sharpe 
ratio trader trained to maximize the nai've Sharpe ratio. After that the performance of the 
individual securities and the portfolio are compared. 
Experimental Setup 
-The Data: 
We first define some terms. Let 
- X , y be a random variables, 
- E ( x ) be the expected value of x, 
- S t d ( x ) be the standard deviation of x, 
- Cov(x,y) be the covariance of x and y, 
- r be a random variable from a standard normal distribution, 
- exp() be the exponential function, 
- k be the retum of a risk free security in the period between every 2 consecutive 
transaction. (One transaction can be done every day, or every week, or every month 
or any fix period of time. In this experiment transaction is done every week and set k 
to be weekly interest obtained with annual interest rate 6%, i.e. k=0.06/52=0.00115.) 
- p t be the price value of a security at the time step t 
Consider the following 3 hypothetical securities 
Security 1: pt=pt-iexp(3k+30kr), po=l (2.20) 
Security 2: pt=pt-iexp(2k+20krX po=l (2.21) 
Security 3: pt=pt-iexp(k+lOkr), po=l (2.22) 
For security 1, 
- T h e price retum at each time step is ri=log pt - log pt_i= log(pt/pt-i)=3k+30kr. 
- T h e expected value for the retum is 3k. 
- T h e average excess retum is 2k(=3k-k), or in terms of the annual excess retum 12%. 
- T h e standard deviation of the retum is Std(3k+30kr)=30k=3.46%. 
- The annualized naiVe Sharpe ratio is 1.06. 
For security 2, 
- T h e price retum at each time step is r2=l0g pt - log pn= log(pt/pt-i)=2k+20kr. 
- The expected value for the retum is 2k. 
- T h e average excess retum is k(=2k-k), or in terms of the annual excess retum 6%. 
- T h e standard deviation of the retum is Std(2k+20kr)=20k=2.31%. 
- T h e annualized naiVe Sharpe ratio is 0.80. 
49 
For security 3, 
- T h e price retum at each time step is r3=l0g pt - log pt_i= log(pt/pt-i)=k+lOkr. 
- T h e expected value for the return is k. 
- T h e average excess retum is 0(=k-k), or in terms of the annual excess retum 0%. 
- T h e standard deviation of the retum is Std(k+1 Okr)=1 Ok= 1.15%. 
- T h e annualized naiVe Sharpe ratio is 0. 
For the covariance of the 3 securities, it comes 
Cov(ri,r2)=E(30kr*20kr)=600k2E(r2)=0 (2.23) 
Similarly 
Cov(r1,r3)=O and Cov(r2,r3)=O (2.24) 
So the three securities are uncorrelated. 
Now we use these 3 securities and the cash asset to form a portfolio. We generate 200 
daily price values for each security with the price generating functions above, and train 
the trading system based on the naiVe Sharpe ratio criterion, and trade the portfolio each 
week with the weightings given out by the trading system. 
The following figure shows the 3 securities: 
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Figure 2.16 The Three Securities' Price 
-The Trading System 
For each security, one neural network is used to predict its price movement. The neural 
network consists of 3 layers; one input layer, one hidden layer and one output layer. In 
the input layer, the price values of the security in the past 10 days are fed into. The 
hidden layer contains 10 hyperbolic tangent neurons. At the output layer, there is one 
linear neuron giving out the prediction for the price value one week later. 
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-The Experimental Result 
After 1000 training epoch, we get the following result. 
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Figure 2.19 Nai.ve Sharpe Ratio Figure 2.20 Portfolio Weighting 
Figure 2.17 shows the annual excess retum of the portfolio during the training process. It 
can be seen that the excess retum of the portfolio (1.578%) is between the excess retum 
of the highest-retum security (12%) and the lowest-retum security (0%). Figure 2.18 
shows the standard deviation of the excess retum. We see that the risk of the portfolio is 
much lower than the risk of each security; only about 0.19% compared with 1.15% of the 
least risky security. It is due to the fact that the unique risk of the component securities 
can be reduced with diversification by the portfolio. Figure 2.19 shows the increasing 
naVve Sharpe ratio during the training. It can be seen that the naive Sharpe ratio of the 
portfolio (about 2.66) is much higher than that of the individual securities (the greatest 
being 1.06). Figure 2.20 shows the weightings of the securities during the holding period. 
We can see that unlike the portfolio weighting in the maximum retum training which puts 
a heavy weighting on the security with the highest retum, the weightings of the securities 
are nearly the same in the maximum Sharpe ratio training. 
Discussion 
In this experiment, it can be seen that by creating a portfolio, it can really reduce the risk 
of the individual securities. In this experiment, the reduction in risk is very significant, 
since the securities are all uncorrelated. As a result the Sharpe ratio of the portfolio is 
much higher than that of its component securities. However in reality, the stocks are 
usually not un-correlated, therefore it is expected that when deal with real world 
securities, the risk reduced will not be too large. 
o 
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2,7.3 Experiment 3: Apply to the Stock Market 
In this experiment, the trading system trained on naive Sharpe ratio criterion is applied 
onto 5 stocks in the Hong Kong stock market. They are from stockl to stock5 (For the 
company names of these stocks, please refer to appendix C). Then the naive Sharpe ratio 
portfolio with the buy and hold portfolio will be compared. 
Experimental Setup: 
The Data: We use daily price data from 1993 to 1996. Daily data in the first 130 weeks 
are used for training and daily data in the following 33 weeks are for testing. There is a 
transaction in each week. 
The following figures are the price pattems of the 5 stocks. 
s t o c k 1 S tock 2 
65 60 ...... 
| y V v ^ ^^^\r^ 
20 \ • . 1——^  20 J , , . 丨 
1 51 101 151 1 51 101 151 
time(wook) time(week) 
Figure 2.21 Stock 1 Price Figure 2.22 Stock 2 Price 
S t o c k 3 S tock 4 
24 1 ’ 40 1 
,::yV^  ,汽 :� . f^^^\\rv^\ 
12. YfV"^^ V v v X 2。一 
10 J "T" , ,——J s^\ r™ , , 
1 51 101 151 1 51 101 151 
time(week) tlme{week) 
Figure 2.23 Stock3 Price Figure 2.24 Stock 4 Price 
Stock 5 
175 T— — .— 
«115. 1 ^ J \ ^ 
I Z r ^ W ^ 
55 -
35 • 
15 V~ , 1 , I 
1 51 101 151 
tlme(week) 
Figure 2.25 Stock 5 Price 
52 
The Prediction Model: In the prediction model, one neural network is used to predict the 
price movement of one stock. There are 3 layers in each network; one input layer, one 
hidden layer and one output layer. In the input layer, daily data in the past 10 days are fed 
into the neural network. The hidden neurons have the hyperbolic tangent function as the 
activation function. And in the output layer, there is one linear neuron. The prediction of 
the price value of the stock one week later is given out by the output neuron. 
The Trading Model: The Bengio's trading algorithm is used to determine the weightings 
of the securities in the portfolio based on the prediction. In the experiment the transaction 
proportional constant is 1%, and the annual interest rate of the cash asset is 6%. 
Experimental result: 
We first look at the prediction result for each stock during training: 
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It can be seen from Figure 2.26 to Figure 2.30 that the predictions of the neural networks 
are rather close to the actual price value. So the prediction model is giving reasonable 
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prediction. Then look at the weighting of the portfolio during the whole investment 
period. 
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Figure 2.31 Portfolio Weighting 
Recall that in the case of the trading system trained based on maximum retum criterion, 
the stock with high retum will be given large weightings regardless of the risk inflicted, 
and the others will be given small weightings. However under the current training 
criterion, i.e. training with nai've Sharpe ratio, the weighting allocated on each stock does 
not differ too much. It is because the risk really matters here. When the securities are 
given similar weightings, the unique risk in the individual securities can be diversified 
significantly. 
One point to note is that the role of the cash asset in this portfolio is much more important 
than that in the maximum retum criteria case. It can be seen in the figure that, the 
weighting of the cash is rather high compared with other securities. It is because the cash 
is the security with the least risk; a zero risk. 
It can also be seen from the figure above that the weighting of the cash asset is especially 
high during the sharp fall in the stock market, during time period around t=40, t=60 and 
t=100. Therefore our model can detect a sharp drop in the stock market, and sell at an 
appropriate moment. 
Finally let's look at the annual excess retum, its standard deviation and the naive Sharpe 
ratio during the training process 
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It can be seen that during the training process, the excess retum is increasing while its 
standard deviation is decreasing. As a result the naive Sharpe ratio increases from 2 to 
about 3. There is 33% increase in the naive Sharpe ratio due to the training, which is 
based on the naive Sharpe ratio criterion. 
Now we compare the performance of our portfolio with the buy and hold portfolio. A buy 
and hold portfolio is a portfolio of the buy and hold method. In the buy and hold method 
of this experiment, the initial weightings of the securities are set to be equal. The 
following table shows the naive Sharpe ratio of the trading system compared with the buy 
and hold method. We see that no matter in the training or testing, our naiVe Sharpe ratio 
portfolio always outperforms the buy and hold portfolio. 
Training result Testing result 
Trading system 2.97 ^ 
Buy and Hold 0.74 2.6 
Table 2.2 Comparing the NaiVe Sharpe Ratio of Two Trading Models 
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2.8 Redefining the Naive Sharpe Ratio with Down-Side Risk^ 
In the definition of the naTve Sharpe ratio, the risk so defined is a symmetric risk. It 
means that due to the nature of standard deviation, there is no difference between a very 
high profit and a very heavy loss. But in reality, the risk an investor concerns is only the 
risk of loss, but not the variation of positive profit. So if we can redefine the risk as the 
risk of loss instead of the "symmetric risk", it is expected that the retum should be greater 
than the original one obtained by the old definition of risk. 
2.8.1 Definitions 
In the following, the concept of risk in the original naiVe Sharpe ratio is redefined. In the 
new definition, the standard deviation of the portfolio's retum at each time step is used as 
a measure for the risk, except that only the time steps at which the portfolio has negative 
excess retum is involved in the calculation. 
Definition 
Let Wt be the wealth an investor has at time step t. 
(1) Define Ct to be the relative wealth retums at time step t, 
Ct=ln(Wt)-ln(Wt-i)-(Wt-Wt-i)/Wt (2.25) 
(2) Define TR to be the average time step retum, i.e. TR=(Zt^=iCt)/T, where T is the total 
number of time steps during the investment period. A time step here can be one day, one 
week, one month or any fix period of time. 
(3) Define ER to be the average time step excess retum, i.e. ER=TR-k, where k is the 
time step risk-free rate of retum and is assumed to be a constant. 
(4) Define SD to be the standard deviation of the negative excess retum as 
SD={l/T*Ztet'}''' (2.26) 
where et^=(Ct-ER)^ if Ct-k<0 , and et^=�if otherwise. 
(5) Define SR to be annualized Sharpe Ratio as 
SR=A*ER/SD (2.27) 
where A is a constant and here A=V253, where 253 is the number of trading days per 
year. 
Discussion 
These definitions are just the same with concepts defined in the original Sharpe ratio, 
expect the risk. The risk in this new version only concems the risk of loss, so the standard 
deviation of the negative excess retum is used. When there is a positive retum, the risk is 
regarded as 0. 
1 Here I would like to thank Mr. Hung Kei Keung for his innovative idea of using down side risk in trading. 
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2.8.2 Gradient of the Naive Downside Sharpe Ratio 
During the training the gradient ascend algorithm is used to adjust the system parameters. 
Before doing so, it should find the gradient of the Sharpe ratio with respect to the 
portfolio weighting. 
First calculate 3ER/3wt,i, the gradient of the excess retum with respect to portfolio 
weightings: 
dER _ dTR 
M , i M , i 
= l i | ^ (2.28) 
T r=l M , i 
= i i ^ 
T 3w。， 
Then we find 3SD/3wt i, the gradient of risk w.r.t portfolio weightings: 
| ^ 4 s f ^ 4 | f L ^ 
— ， / T , — , T dw^ . 
where ~ ^ = 2(C, — ER)^^ when C^  — k < 0, and - ^ = 0 if otherwise. 
—’/ —’/ — / 
Therefoe we have 
dSD — 1 de^ 
a ^ " 2 * r * 5 D a w , , ‘ 
• »t I ii 
Finally the gradient of the new Sharpe ratio can be written as 
[ A dq,i ER(Ct—ER)\.M , 細 ^ < ( l - ^ ^ ) i f C t - W , a n c i 




2.8.3 Analysis of the gradient of the new Sharpe ratio 
In the new definition of risk, it only focuses on the risk of loss and do not consider the 
variation of profit. As a result the retum of the portfolio will increase compared with the 
portfolio obtained with the symmetric risk. Now look at the gradient of the down side risk 
naive Sharpe ratio, and see how it can increase the excess retum. 
Case 1: when Q>k. 
Since the quantities A, T, and SD are all positive, 3SD/awt,i is in fact pointing at the 
direction of 3Ct/3wt,i, i.e. the retum is maximized. 
Case 2: when Ct<k. 
Li this case, the system sometimes maximizes the retum and sometimes minimizes the 
risk, depending on the magnitude of Ct, ER and SD. 
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Consider the case that ER>0, i.e. the retum of the portfolio outperforms the retum of the 
baseline risk free security. 
Situation 1: if Ct<ER+SD^mR, then aSR/awt,i is pointing at the direction of dC,/dwt,i, i.e. 
the retum is maximized. 
Situation 2: if k>Ct>ER+SD^/ER, then the term l-ER(Ct-ER)/SD^ is negative, and 
3SR/3wt,i is pointing at the opposite direction with 3Ct/3wt,i, i.e. the retum is minimized. 
Since the Sharpe ratio will increases in the next epoch, the risk reduced as a result. 
Therefore, it can be seen that when the retum at time step t is very large, Ct>k, the retum 
will be maximized. When Q is very small Ct<ER+SD^y^R, the retum is also maximized. 
When Ct is not very large nor very small and the average excess retum ER is not too 
large, k>Ct>ER+SD^/ER, the retum and the risk is minimized. Compared with the case of 
the symmetric risk, it can be seen that there is more opportunity for the trading system 
based on the down side risk to increase the portfolio's retum. 
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2.8.4 Experiment: Compare with Symmetric Risk 
Objective: In this experiment, we want to show that under the circumstance that in the 
whole holding period the risk of loss is small, the Sharpe ratio defined on the down-side 
risk is better than the original definition of Sharpe ratio in the sense that its excess retum 
will be higher. 
2.8.4.1 Experimental Setup 
In this experiment, a computer is used to generate 2 hypothetical securities. Both of the 
securities have a rather low negative excess retum. Then these two securities are traded 
based on the naive Sharpe ratio with symmetric risk and downside risk. And then 
compare the results of these two training objectives. It will be seen that the later training 
objective will give a higher excess retum compared with the former one. It now needs to 
define the two hypothetical securities. 
Let k be the retum of the risk-free security during 1 time step. 
exp(x) be the exponential function of x. 
Var(x) be the variance for the random variable x. 
r be a standard normal random variable. 
Consider the following 2 hypothetical securities: 
Hypothetical security 1: Pt=Pnexp(llk+9kr), Po=l (2.32) 
Hypothetical security 2: Pt=Pnexp(3k+kr), Po=l (2.33) 
For security 1, the relative price retum at time step t is 
log(Pt)-log(Pt-i)=log(PtyTM)=llk+9kr (2.34) 
The expected value for the relative price retum is llk. 
The expected excess retum is 10k (=llk-k). 
The variance of the excess retum ai^ is Var(9kr)=81k^. So the standard deviation is 9k. 
The symmetric Sharpe ratio is 10k/9k=10/9-l.L 
The probability that the excess retum being negative is 
P(llk+9kr<k)=P(r>l.l)=:0.14 (2.35) 
Similarly the relative price retum for security 2 is 3k+kr, its expected value is 3k，the 
expected excess retum is 2k, the variance of the excess retum a2^ is k ,^ and the 
symmetric Sharpe ratio is 2k/k=2. The probability of negative excess retum is 
P(3k+kr<k)=P(r>2)=0.02. (2.36) 
If we form a portfolio with equal weightings put onto these 2 securities, just like what it 
is done at the beginning of the training process, it can be found that 
(1) the expected retum of the portfolio is 7k (=(llk+3k)/2), 
(2) the expected excess retum ER is 6k (=7k-k), 
(3) the variance of the portfolio's excess retum SD^ is aiV4+a2^4=41k^2. And the 
standard deviation is kV(41/2)==4.5k. 
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(4) The probability of negative excess retum is 
P(0.5*(llk+9kr)+0.5*(3k+kr)<k)=P(r>1.2)=0.11 (2.37) 
(5) the quantity ER+SD^/ER in the gradient of the Sharpe ratio with respect to the 
portfolio weightings is 6k+41k/12-9.4k. The probability that the excess retum at a 
time step is greater than this quantity is P(0.5*(llk+9kr)+0.5*(3k+kr)>9.4k)=0.68. 
Therefore it can be concluded that 
(1) Security 1 has higher expected retum than security 2 while security 2 has lower 
symmetric risk than security 1. 
(2) For both securities, risk of loss is small. Since security 1 has higher retum, it is 
expected that in the training process based on the Sharpe ratio defined on down-side 
risk, the system will put more weighting on security 1. 
(3) The symmetric Sharpe ratio for security 2 is higher than that of security 1. So it is 
expected that in the training process based on the symmetric Sharpe ratio, the system 
will put more weighting on security 2. 
(4) At the beginning of the training, at about 68% of the time steps the relative wealth 
retum of the portfolio is greater than the quantity ER+SD^/ER, and at the other 32% 
less than this quantity. So for the training based on maximum symmetric Sharpe ratio, 
32% of the time will be used to maximize the retum and 68% of the time will be used 
to minimize the risk and the retum. 
(5) Since the excess retums for both securities are greater than k, the retum of the base-
line risk free security, for the training process based on maximum Sharpe ratio 
defined on down-side risk, maximization of the retum will be done all the time. 
In the experiment, the system is trained with the two different Sharpe ratio objectives, but 
with the same initial parameters and data set. 
2.8.4.2 Experimental Result 
Let's first look at the experimental result of the training process which maximizes the 
symmetric risk Sharpe ratio. 
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From Figure 2.35 it can be see that when the system is trained to maximize the symmetric 
Sharpe ratio, more weighting is put on the security 2 which has a larger symmetric 
Sharpe ratio. Note that the system will not put all the weighting on one security since this 
will increase the risk. This is different from the case of maximum retum training, in 
which all weighting will be put on the highest retum security. 
Since at 68% of the time steps the system is doing minimization of the risk as well as the 
excess retum, it can be seen from Figure 2.36 that the excess retum is decreasing. 
However since at 32% of the time steps the system is maximizing the retum, there are 
some small peaks in Figure 2.36. From Figure 2.37 and Figure 2.38, we can see the 
decreasing symmetric risk, and the rising symmetric Sharpe ratio. 
Now let's look at the experimental result of the training process which maximize the 
Sharpe ratio defined on down side risk. 
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As it has just been discussed, there is only a small risk of loss. So the system will always 
maximize the retum by putting more weighting on the first security, as we can see from 
Figure 2.39. The excess retum at the beginning of the training is the same with that in the 
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original symmetric Sharpe ratio training. But in this time, since the relative wealth retum 
Ct at each time step t is greater than the risk free security's retum k, the system maximizes 
the retum at each time step. As a result, the excess retum increases with training epoch at 
the beginning of the training (Figure 2.40). After some epoch, the excess retum drops a 
little. It is due to the fact that we are maximizing the excess retum at just only one single 
time step, rather than the average of excess retums at all the time steps. Anyway, the 
excess retum still stays at a level higher than that in the case of symmetric Sharpe ratio. 
In Figure 2.41, we see the risk of loss. It increases with the increasing excess retum at the 
beginning of the training. Then it decreases in the later portion of the training. Finally 
from Figure 2.42, we see the increasing naiVe Sharpe ratio defined on down side risk. 
2.8.4.3 Discussion 
The phenomenon that the risk of loss being small is not uncommon in reality. During a 
bull market, there is often a situation that the stocks' prices just keep rising, and there is a 
small chance of loss. In this situation, one may consider to train the system with the down 
side risk Sharpe ratio rather than the original symmetric risk Sharpe ratio. As it can be 
seen in the experiment above, the symmetric risk Sharpe ratio is a rather conservative 
training objective. It puts unnecessary restriction on the excess retum it may gain, even 
though the risk of loss involved is small. However, if we just consider the risk of loss in 
the Sharpe ratio, it can be found that the excess retum in the portfolio of down side risk 
Sharpe ratio is higher than that of the symmetric risk Sharp ratio. 
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2.9 Further Discussion: 
In this chapter, it has been discussed a simple measure for the performance of a portfolio. 
A portfolio is considered as a single security, then the excess retum and the standard 
deviation of the excess retum is calculated, and the ratio of them, i.e. the naiVe Sharpe 
ratio is used to measure the goodness of this portfolio. 
There is a weakness in this naiVe idea. In the discussion above, the nature of a portfolio is 
not considered, i.e. we didn't consider the fact that a portfolio is a combination of several 
securities. For example, a portfolio's risk is not only dependent on the weightings of the 
securities, but obviously also dependent on the risk of the individual securities and the 
co-relation between their retums. However in our naiVe model, the risk and co-relation of 
the individual securities are not considered. As a result, it can not distinguish clearly the 
concept of retum and the risk. Now we state it precisely. 
Please look again at the gradient vector of the naiVe Sharpe ratio: 
dSR_ A 3Q ER(q-ER)dC 
dw, ~T^SD^dw, SD' dw/ � 州 
The gradient vector can be divided into 2 terms; one being the gradient of the retum with 
respect to the portfolio weighting: 
3C 
gradient of retum w.r.t. portfolio weighting :——-
dw^ 
and the other term being the gradient of the risk with respect to the portfolio weighting: 
gradient of risk w.r.t. portfolio weighting :-五尺(〔,五及)^^t 
SD 3w, 
Clearly these two gradient vectors are linearly dependent! The consequence is that we 
have put a limitation of the greatest excess return that can be obtained. It is because if the 
retum Ct at a particular time step is too large, so that 
1 ER(Ct — ER) 
1< ^ 2 (2.39) 
then from the gradient formula of the Sharpe ratio above, the retum should be reduced 
and can not go further higher. 
Therefore the linearly dependency of the retum gradient vector and the risk gradient 
vector put a limitation on the maximization of the excess retum. It has been seen that in 
order to get rid of this undesired limitation, the down side risk is a good approach. 
Alternatively we may consider the risk and co-relation of the retums of the individual 
securities in the definition of the portfolio's risk. In the next chapter, another Sharpe ratio 
model is to be proposed, in which the performance of the component securities is 
considered. And it will be seen that the problem of linear dependency between the retum 
and the risk gradient vector can be solved successfully. 
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Chapter 3: Total Sharpe Ratio Model 
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3.1 Introduction 
In our naiVe Sharpe ratio model, the whole portfolio is treated as a single security. The 
risk of the portfolio is the standard deviation of its excess retum at different time steps 
during the holding period. Since the performance of the component securities is not taken 
into consideration, there is a problem that the gradient of the retum and the risk is linear 
dependent. As a result there is a limitation imposed on the maximization of the excess 
retum during the training. 
Now it needs to consider this issue in a deeper view; it needs to find out the relation on 
the retum and the risk between the portfolio and the component securities during the 
holding period, so that we can have a clearer understanding about the portfolio formed. In 
section 3.2 below, a new definition for Sharpe ratio is proposed, the Total Sharpe ratio 
model. For simplicity the transaction cost is not considered in this section. In section 3.3, 
the downside risk is applied in the total Sharpe ratio. And finally in section 3.4, the 
transaction cost is taken into consideration for the total Sharpe ratio model. 
3.2 Defining Risk of Portfolio in Terms of Component Securities' Risk 
To do this, the retum of each security in the portfolio is evaluated at each time step. Then 
the covariance of these retums are calculated, and finally the risk of the portfolio is 
expressed in terms of the securities' with the formula Gp^=w^Vw, where a ^ is the 
variance of the portfolio, w is the portfolio weighting, and V is the covariance matrix of 
the securities' retums. For the detail of this formula, please refer to chapter 1. For 
simplicity, the transaction cost will not be involved in this section. 
3.2.1. Return for Each Security and the Whole Portfolio at Each Time Step 
Now it first needs to define the retum of each stock at a time step t during the holding 
period. At time t, suppose there is a total wealth of at. Then for each stock i, the investor 
has invested a wealth of at，i=atWt，i, where Wt,i is the fraction of the total wealth he invested 
in security i at time t. When it comes to time t+l, the price of the stocks changes. Now 
define the multiplicative retums rt,i of each stock as rt,i=valuet+1,i/valuet,i 
After the price changes, our wealth spent on stock i becomes a’t，i=rt，iat’i. And the total 
wealth becomes 
a't=Eta't,i=Struau=atEirt,iWt,i. (3.1) 
The price change at time t+1 enables us to make a gain on security i of 
Rt,i=a't,i/at,i= rt,i. (3.2) 
This Rt,i is defined as the multiplicative retum of the security i at time t. As for the whole 
portfolio, there is a gain of 
Rt= a't/at= Sirt,iWt,i. (3.3) 
This Rt is defined as the multiplicative retum of the portfolio at time t. Note the relation 
Rt=SiRt,iWt,i. This means that the retum of the portfolio is the weighted average of 
individual securities' retums. 
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3.3.2. Covariance of the Individual Securities' Returns 
Now it needs to define the covariance matrix between the securities retums at every time 
step in the holding period. At each time step t between 1 and T, the retum of each 
security i, Rt’i, can be found. At a particular time step t, these retums are used to form a 
retum vector St； 
St = (Rt,iRt,2...Rt,nf, (3.4) 
where T denotes the matrix transpose. 
For a certain time step x, let nix be the mean vector of the retum vectors from t=l up to 
t=T, i.e. 
m, = (Et'=iSt*)/T (3.5) 
Then the covariance of the securities' multiplicative retums during the period between 
t=l up to t=T can be estimated with the sample covariance matrix 
Vx = [ Et'= 1 (St* - mO(St* - m j T ] / (T-1) (3.6) 
3.2.3. Define the Sharpe Ratio and the Objective Function 
Now at time step T, there is the portfolio multiplicative retum Rx, the portfolio weighting 
Wt, and the covariance matrix V^ of the individual securities' retums. To define the 
Sharpe ratio at a particular time step during the holding period, it should first define the 
excess retum and the risk. 
3.2.3.1. The Excess Return 
For the excess retum of the portfolio, the multiplicative retum of the portfolio Rx, as well 
as the retum of the risk free security's multiplicative retum k should be considered. Now 
the quantity Rx/k is used to measure the portfolio's multiplicative retum balanced with the 
risk free security's multiplicative retum. Note that the division is used, R^/k, rather than 
subtraction, R^-k, since both R^ and k are multiplicative retum, the ratio of current value 
to the value at the last time step. We call the quantity R^/k the excess multiplicative 
retum. 
Further it needs to use the percentage retum to define the excess retum. The percentage 
retum is in the following form 
Percentage Retum = ( Current Value - Last Value ) / Last Value (3.7) 
Rewriting the equation into the form 
Percentage Retum 
=(Current Value - Last Value ) / Last Value 
=Current Value / Last Value -1 
=Multiplicative Retum - 1 (3.8) 
Equation (3.8) shows the relation between the multiplicative retum and the percentage 
retum. 
66 
Finally define the excess retum of the portfolio as 
Excess Return of the Portfolio at time t 
=Excess Multiplicative Retum - 1 
= Rx/k-l (3.9) 
3.2.3.2. The Risk 
To define the risk for the portfolio, it needs to recall some knowledge from the portfolio 
theory. Suppose there is a portfolio with N securities. And let 
rj be the retum of the securityj, 
Oij be the covariance between V{ and rj, 
Wj be the proportion of total wealth invested in securityj, such that 0 < wj <1 and ZjWj=l, 
CTp be the standard deviation of the portfolio's retum. 
Then it comes 
(Tp = [ ZiSj Wi Wj (Jij 广2 , where i, j = 1, 2，. "，N (3.10) 
rp 
To write in matrix form, with w denoting vector [wi, w2, ..., wn] , r denoting vector 
[ri,r2,..,rN]T, V denoting he covariance matrix (aij), then equation for the cjp can be 
written as Gp = [w^Vw]^ ^ .^ Therefore the risk of the portfolio at time T can be defined as 
SDx=(w,^ Vx v/rf^ (3.11) 
Here V^ is the covariance matrix of the securities' retums before time step x, and w^ is the 
weighting of the security i in the portfolio at time T. 
3.2.3.3. The Sharpe Ratio at Time t 
Having defined the concepts of excess retum and the risk of the portfolio at time t, it can 
now define the corresponding Sharpe ratio of the portfolio at a particular time step t. 
Define the Sharpe ratio at time T to be 
SRx=(R,/k-l)/(SD,+a) (3.12) 
where a is a small positive tolerance constant. 
Since there is a risk free security, the cash asset, in our portfolio, it is probable that at 
certain moment, when the component stocks perform poorly, the weighting of the cash 
will be large. As a result, the risk of the portfolio at this particular moment will be very 
small. In order to avoid division by zero, it therefore needs to add a tolerance term in the 
definition of the portfolio risk. 
3.2.3.4. The Objective Function : Total Sharpe Ratio 
Finally the objective function, called the total Sharpe ratio, is defined to be the sum of the 
Sharpe ratio at each time step during the whole investment period; 
Define the total Sharpe ratio 
TSR = A*(Zt SRt) (3.13) 
for some constant A. 
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3.2.3.5. The Training Process 
Before the total Sharpe ratio training is carried out, the weightings of the neural networks 
in the prediction models are first adjusted with prediction criterion, i.e. with the mean 
square error training. However the mean square error training is not carried out so as to 
attain the minimum square error, but stopped at some certain stage, for example when the 
mean square error reaches a specified threshold. After the mean square error training, the 
neural networks should give some reasonable prediction. Then the whole system is 
trained with the total Sharpe ratio. 
To train the trading system, a time step t is randomly selected, and then the value of SRt 
is maximized. It is obvious that if it can maximize each SRt, then the excess retums at 
each time step is increased as large as possible, and the risk at each time is decreased as 
small as possible. As a result, the portfolio will perform uniformly well in the training set, 
and at the end of the training, the ratio of the final excess retum to the standard deviation 
of the excess retums is maximized. 
The next task for us to do is to calculate the gradient of SRt with respect to the portfolio 
weighting Wt, i.e. 3SRt/3wt. Then the chain rule can be used to find the gradient of the 
Sharpe ratio with respect to the system parameters. And finally the gradient ascend 
algorithm is adopted to adjust the parameters and maximize the total Sharpe ratio. 
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3.3 Calculating the Gradient of the Total Sharpe Ratio 
The definition of Sharpe ratio at time t is given by 
S R t = : ^ i ^ (3.14) 
‘ S D t + a 
Diffemtiate with respect to security i's weighting at time t, w�“，we have 
� = _ _ ^ 1 ^ ( 1 ^ - ^ ^ ¾ ) (315) 
3wt,i k * ( S D , + a ) dw^. ( S D t + f l ) 3 w t / 
The quantity 严^ can be calculated easily;脱丨=j-^.. 
3wt,i 8wt,i ’ 
asDt 
As for — ，let cr. be the jth row kth column entry in the sample covariance 
—’i 
matrix V ,^ then 
S D f = w ; V t W t = S S w t ’ j W t ’ k � (3.16) 
j k 
Differentiate both sides with respect to w ^  ^ , we have 
3SDf r p 3 w t j 3w_ dcj., 
e ? ? [ ‘ w � w � � , + w , , , , , k 0 
= S S ^ w . , . , . s x w , ^ . , . o 
j k ow^. J k c/Wjj 
^ T” 3w, 
= 2 w J V t f (3.17) 
— ， i 
since V^  is a constant symmetric matrix. 
3w 
Here is a column vector whose ith entry is 1 while the others are all 0. 
&Wt，i 
Now from the fact that 
asDf � … a s D , 
" V ^ = 2*SD^ * _ ^ , (3.18) 
8wt,i 8wt,i 
asD, 
— can be easily written down as 
� 
3SDt _ 1 aSDf 
^ = 2 * S D t 3wt,i (3.19) 
Therefore the gradient of the Sharpe ratio is 
aSRt 二 1 R, —k 丁 3wt 
^ 一 k*(SDt+a) ( � “ _ (SD,+a)SD, ^t ^ 冗 ） (3.20) 
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3.4. Analysis of the Total Sharpe Ratio Gradient 
3.4.1 The Gradient Vector of the Sharpe Ratio at a Particular Time Step 
From the definition of SRt, SRt=(Rt/k-1 )/(SDt+a), differentiating both sides with respect 
to weighting of security i at time t, that is Wt,i, it comes 
^ S R , _ 1 (dRt R,-k dSD 
3w,i k * ( S D , + ^ 0 � （ S D t + a ) 3 w t / 
From this equation it can be seen that the gradient of the Sharpe ratio at time t can be 
decomposed into 2 parts, one involving the gradient of the retum 3Rt/3wt,i, and the other 
involving the gradient of the standard deviation 3SDt/3wt,i. 
Since the term l/[k*(SDt+a)] is always positive, the gradient vector of the Sharpe ratio 
always contains a component pointing at a direction 3Rt/3wt,i which will maximize the 
retum at time t. 
As for the gradient vector of the risk, the discussion can be divided into 2 cases: 
Case 1: When Rt-k>0, i.e. the retum of the portfolio at time t is greater than the risk free 
security. 
In this case the coefficient of the gradient of standard deviation, i.e. the term 
-(Rt-k)/(k*(SDt+af) is negative. Therefore the gradient of the Sharpe ratio contains an 
other component pointing at -3SDt/3wt,i which will minimize the risk at time t. 
Case 2: When Rt-k<0, i.e. the retum is less than the risk free security. 
In this case the coefficient of the gradient of standard deviation, i.e. the term 
-(Rt-k)/(k*(SDt+a)^) is positive. Therefore the gradient of the Sharpe ratio contains an 
other component pointing at 3SDt/3wt,i which will maximize the risk at time t. Since after 
the updating of the system parameters, the Sharpe ratio at time t must be increased, and 
the standard deviation at time t also increases, the excess retum at time t should increase 
as a result. This means that the system is willing to bear a grater risk in retum for a higher 
excess retum whenever the excess retum is negative. 
3.4.2 The Gradient Vector of the Risk 
In the case of naiVe Sharpe ratio, it can be found that the gradient vector of the risk is 
linearly dependent on the gradient vector of the retum. As a result, there is some 
undesired limitation put on the optimization of the excess retum. As for the case of total 
Sharpe ratio, the gradient is no more linear dependent on the gradient vector of excess 
retum. 
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Referring to the derivation of the gradient vector, it can be found that the i th entry of the 
gradient vector of the risk is in the following form 
3SDt/3wt,i = a w 7 Vt 3wt/3wt,i (3.22) 
where SDt is the risk at time t, a is some scalar, Vt is the covariance matrix of the 
component securities' retum, Wt is the portfolio weighting at time t, and Wt,i is the 
weighting of security i in the portfolio. 
Let Gjk be the entry of Vt on the jth row and kth column, that is the covariance of the 
retum of security j and security k. Then 3SDt/3wt,i can be expressed as, neglecting the 
scalar a 
aSDt/3wt,i =wt,iaii + wt,2a2i + wt,3a3i + ... + Wt,iGii + ... + wt,nani (3.23) 
It is the weighted sum of the covariance of the retums of security i and the other 
securities. Note that it is no more the gradient vector of the retum. The gradient of the 
retum at time t is the constant vector rt, the multiplicative price retums of the securities. 
Therefore we have solved the problem in the naiVe Sharpe ratio; by considering the 
portfolio's risk in terms of the securities' risk, the gradient vector of the risk is no more 
linear dependent on the gradient vector of the excess retum. As a result, the limitation on 
the excess retum is removed. It is expected that with the same initial configuration, the 
portfolio given by the total Sharpe ratio training will have a greater excess retum than 
that given by the naiVe Sharpe ratio training. This can be seen in an experiment in later 
section. 
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3.5 Computer Simulation: 
In this section, the total Sharpe ratio trading model is applied to the real stock market. In 
each experiment below, the trading system is applied a set of securities. It can be seen 
that the results of the two experiments arejust similar. 
3.5.1 Apply to the Stock Market 1 
3.5.1.1 Objective: In this experiment, the total Sharpe ratio is used as the training 
criterion to train a portfolio trading system. The performance of the resulting portfolio 
will be discussed and compared with the buy and hold strategy. 
3.5.1.2 Experimental Setup: 
The Data: The training and testing data are selected from 5 stocks, from stockl to 
stock5, in the Hong Kong stock market. For each stock, 800 daily price from 1993 to 
1996 are used. Among the data, the first 80% of them are for training, and the later 20% 
are for testing. Before the price values are used for training, they are preprocessed by 
normalization, i.e. re-scaling them into the interval [-1,1]. In the following figures, the 
price patterns of the stock are shown: 
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The Prediction Model: In the prediction model, for each stock there is a neural network 
predicting its price movement. All the networks contain one input layer, one hidden layer 
and one output layer. In the input layer of each network, 10 consecutive daily price values 
in the past 10 days are presented. In the hidden layer, there are 10 hidden neurons. The 
hidden neurons' activation function is the hyperbolic tangent function. In the output layer, 
there is only one neuron with linear activation function. The signal presented at the 
output neuron is the prediction of the price value one week later. Therefore the prediction 
model receives daily price values of a stock from the past 10 days, and then predicts the 
price value one week ahead. 
The Trading Model: The Bengio's trading algorithm is used to determine the weighting 
of the stocks in the portfolio according to the prediction results. The annual interest rate 
of the cash asset is 6%. 
3.5.1.3 The Experimental Result 
The Increasing Total Sharpe Ratio 
Now look at the total Sharpe ratio objective during the training process. 
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epoch r 
Figure 3.6 Training Total Sharpe Ratio Figure 3.7 Testing Total Sharpe Ratio 
It can be seen that for the training data set, the total Sharpe ratio of the portfolio increased 
from the initial value of about 234 to the final value of 264. There is about 13% increase 
in the total Sharpe ratio. The initial value of 234 is due to the mean square error pre-
training, and the later increase to a value of 264 is contributed by the total Sharpe ratio 
training. As for the testing data set, the total Sharpe ratio of the portfolio also increase 
from 195 to 206, about 5.6% increase in the value. Therefore it is reasonable to think that 
the trading system has generalize some properties about the component securities, and 
know how to improve the performance of the portfolio for the unseen data. 
In the training process, a training pattem is randomly selected from the training set, and 
then the corresponding Sharpe ratio is maximized. Since the Sharpe ratio at each time 
step is increased, the total Sharpe ratio must be increasing. 
The Increasing Final Sharpe Ratio 
It has been seen that the Total Sharpe ratio is increasing during the training process. It 
means that generally speaking, Sharpe ratio at different time steps in the training set has 
been increased. However a question can be asked; if only look at the final excess retum 
and the standard deviation, do their ratio increasing also? The answer is yes. 
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Before discussing this issue, it first needs to define some terms. Let Et, t=l,2, ...，T be the 
multiplicative excess retum of the portfolio at time t. Then the final accumulative 
multiplicative excess retum of the portfolio at the end of the holding period is Tl^= iEt, 
and the corresponding final percentage excess retum is p = IltEt-l. The variation of the Et 
can be measured with its sample standard deviation, a = std(Et), where std() denotes the 
sample standard deviation operator. Call this a the final standard deviation of the 
portfolio. Now measure the performance of the portfolio during the whole holding period 
with the ratio of p to a, p/a, and call this ratio the final Sharpe ratio of the portfolio. 
The following figures shows the final percentage excess retum, the final standard 
deviation, i.e. std(Et), and the final Sharpe ratio of the portfolio during the training 
)rocess. 
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Figure 3.10 Final Sharpe Ratio 
It can be seen in Figure 3.8 that the excess retum increase from about 71% to 88% (24% 
increase), but the risk only increase from 3.93% to 4% in Figure 3.9 (1.8% increase). The 
increase in excess retum is much higher than the increase in risk. Since the Sharpe ratio 
at each time step is increased in the training process, the performance of the portfolio 
becomes uniformly well in the training set. As a result the final Sharpe ratio is increasing; 
increase from a value of 18 to a value of 22 in Figure 3.10 (22% increase). 
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Compare with Buy and Hold Method: 
Now compare the performance of the portfolio given by our trading system. The 
accumulative percentage excess retum and the risk in the training set are compared. 
Moreover it needs to compare our portfolio with 
1. Each security traded with buy and hold method with all the fund invested on it, and 
2. Buy and hold portfolio, a portfolio containing the same component stocks with our 
portfolio, but traded with buy and hold method and using equal initial weighting for 
the component stocks. 
The following figures show the accumulative percentage excess retum and the standard 
deviation of the percentage excess retum at each time step in the training set. We 
compare our portfolio's performance with each component stocks'. 
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Figure 3.11 Comparing the Excess Retum Figure 3.12 Comparing the Standard 
Deviation 
It can be seen that our portfolio performs very well during the training. For the 
accumulative excess retum, our portfolio always keeps at a very high ranking compared 
with the component securities (Figure 3.11). In some period, its excess retum is even the 
highest. It is because being a portfolio it can buy more rising stocks and sell falling stocks 
at suitable moment. But for an individual security, it can not switch to another good 
security when its price is falling. As for the standard deviation, our portfolio reduce the 
unique risk, and keep its risk at a very low level compared with the individual securities 
(Figure 3.12). 
Now compare the total Sharpe ratio portfolio with the buy and hold portfolio. As it can be 
expected, the buy and hold portfolio can also reduce the unique risk in the individual 
securities. Therefore its risk will be similar to that of the portfolio generated by our 
trading system. However for the buy and hold portfolio, since nothing is done actively to 
adjust the weighting of the component securities during the holding period, and its 
component stocks' weightings are determined solely by the price movement, its excess 
retum is expected to be lower than our total Sharpe ratio portfolio. 
The following figures show the accumulative percentage excess retum and the standard 
deviation of the excess retum in the training set. 
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It can be seen that in the aspect of risk, the two portfolios perform similarly (Figure 3.14). 
However from the aspect of excess retum, the total Sharpe ratio portfolio outperforms the 
buy and hold portfolio (Figure 3.13); our portfolio has an excess retum about 88% at the 
end of the holding period, which the buy and hold portfolio has only 30%. Our portfolio 
is nearly 3 times better than the buy and hold portfolio. 
The following summarizes the training and testing result of both portfolios. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
Buy and Hold~~29.1%~~ 3.66% S^ -0.4% 2^1% ^ 
Portfolio 
Total Sharpe 88.5% 4.0% ^ 29.1% 3.7% T9 
Ratio Portfolio 
Table 3.1: Comparing the two portfolios 
It can be seen that either in training or testing, the total Sharpe ratio portfolio always 
performs better than the buy and hold portfolio. During testing, the buy and hold portfolio 
even lost money, while the total Sharpe ratio portfolio had made a excess retum of 
29.1%. 
The Portfolio Weighting: 
Now let's see how our trading system allocates the weighting of the component stocks 
during the training. Before discussing this issue, it first needs to look at the performance 
of each individual security. And then judge if our trading system have made a reasonable 
decision. 
To evaluate the securities' performance, the final Sharpe ratio is again used. We use buy 
and hold to trade each security and then calculate the final accumulative percentage 
excess retum and the final standard deviation of the excess retum for each security, then 
use the ratio of these two quantities to measure the performance of the securities. 
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The following table shows the final excess retum, standard deviation and Sharpe ratio of 
each security in the training set. 
Stock 1 Stock 2 Stock 3 Stock 4 Stock 5 
Final Excess RetunT 95.1% 一 -11.1% -7.1% “ -44.3% 54.1% 
Standard Deviation ~~5.2% 4.4% 5.3% 5.5% 3.9% 
FinalSharpeRatio 18.2 -2.6 -1.3 8.0 14.0 
Table 3.2: The performance of the securities 
As it can be seen, stock 1 has the highest final Sharpe ratio, stock 5 has the second, then 
stock 4. Stock 2 and stock 3 have negative final Sharpe ratio. Therefore it is expected that 
we should put more weighting on stock 1, stock 4 and stock 5, and lower weighting on 
stock 2 and stock 3. 
Figure 3.15 shows the weighting of the stocks in the portfolio during the training holding 
)eriod. 
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It can be seen that our trading system can really do the right thing; it puts the highest 
weighting on stock 1，second highest weighting on stock 5, third highest on stock 4. It 
only puts small weightings on stocks 2 and stock 3. Note that the trading system will not 
put all its weighting onto the stock with the highest Sharpe ratio, compared with the case 
of the maximum retum training in which the trading system has a tendency to put all its 
money onto the highest retum security. 
Note also that at time moment around t=30 and just after t=60, the weighting of the cash 
asset is rather high. It is because during these moments, there is a sharp decrease in the 
stock market (referring to the price pattems of the stocks). On the other time moment, the 
weighting of the cash asset is at a level very close to zero. It is because the excess retum 
of the cash asset is nearly zero. 
Finally it should be mentioned that the whole experiment above is done with a Sparc 
machine. The whole training time is about one hour. 
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3.5.2 Apply to the Stock Market 2 
3.5.2.1 Objective: In this experiment, the total Sharpe ratio is applied again as the 
training criterion to train a portfolio trading system. Every thing is the same with 
experimentl, except that different securities are used to do the training this time. It will 
be seen that the result in this experiment is just similar to that in experimentl. 
3.5.2.2 Experimental Setup: 
The Data: The training and testing data are selected from another 5 stocks, stock 6 to 
stock 10, in the Hong Kong stock market. For each stock, 1000 daily price from 1993 to 
1996 are used. Among the data, the first 80% of them are for training, and the later 20% 
are for testing. Before the price values are used for training, they are preprocessed by 
normalization, i.e. re-scaling them into the interval [-1,1]. 
In the following figures, the price patterns of the stock are shown: 
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The Prediction Model: The prediction model is the same with that in experiment 1. For 
each stock there is a neural network predicting its price movement. All the networks 
contain one input layer, one hidden layer and one output layer. In the input layer of each 
network, 10 consecutive daily price values in the past 10 days are presented. In the 
hidden layer, there are 10 hidden neurons. The hidden neurons' activation function is the 
hyperbolic tangent function. In the output layer, there is only one neuron with linear 
activation function. The signal presented at the output neuron is the prediction of the 
price value one week later. Therefore the prediction model receives daily price value of a 
stock from the past 10 days, and then predicts the price value one week ahead. 
The Trading Model: Again the Bengio's trading algorithm is used to determine the 
weighting of the stocks in the portfolio according to the prediction results. The annual 
interest rate is 6%. 
3.5.2.3 The Experimental Result: 
The increasing Total Sharpe Ratio: 
First look at the Total Sharpe ratio objective during the training process. 
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It can be seen in Figure 3.21 that for the training data set, the total Sharpe ratio of the 
portfolio increased from the initial value of about 315 to the final value of 360. There is 
about 14% increase in the total Sharpe ratio. The initial value of 315 is due to the mean 
square error pre-training, and the later increase to a value of 360 is contributed by the 
total Sharpe ratio training. 
As for the testing data set, the total Sharpe ratio of the portfolio also increase from 105 to 
117，about 11% increase in the value (Figure 3.22). Again it is reasonable to think that the 
trading system has generalize some properties about the component securities, and know 
how to improve the performance of the portfolio for the unseen data. 
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The Increasing Final Sharpe Ratio: 
The following figures show the final percentage excess retum, the final standard 
deviation，and the final Sharpe ratio of the portfolio during the training process. 
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It can be seen in Figure 3.23 that the excess retum increase from about 164% to 205% 
(25% increase), but the variation of the risk is very small during the training process 
(Figure 3.24); a small increase from 3.4% to 3.5% (3% increase). The increase in excess 
retum is much higher than the increase in risk. Since the Sharpe ratio is increased at each 
time step during the holding period in the training process, the performance of the 
portfolio becoming uniformly well in the training set. As a result the final Sharpe ratio is 
increasing during the training (Figure 3.25); increase from a value of 47 to a value of 58 
(23% increase). 
Compare with Buy and Hold Method: 
Now compare the performance of the portfolio given by our trading system. The 
comparison is based on the percentage accumulative excess retum and the risk in the 
training set. And we need to compare the total Sharpe ratio portfolio with 
1. Each security traded with buy and hold method, with all the fund invested on it and 
2. Buy and hold portfolio, a portfolio containing the same component stocks with our 
portfolio, but traded with buy and hold method and using equal initial weighting for 
the component stocks. 
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The following figures show the accumulative percentage excess retum and the standard 
deviation of the percentage excess retum at each moment of the holding period. We 
compare our portfolio's performance with each component stocks'. 
Accumulative Excess Return 雲丨二 S t a n d a r d Dev ia t ion Stock6 
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Figure 3.26 Comparing the Excess Retum Figure 3.27 Comparing the Standard 
Deviation 
It can be seen that our portfolio perform very well during the training holding period. For 
the excess retum (Figure 3.26), our portfolio always keeps at a very high ranking 
compared with the component securities. At the end of the holding period, its excess 
retum is even the highest. It is because being a portfolio it can buy more rising stocks and 
sell falling stocks at suitable moment. But for an individual security, it can not switch to 
another good security when its price is falling. As for the standard deviation, our portfolio 
reduce the unique risk in the securities, and keep its risk at a very low level compared 
with the individual securities (Figure 3.27). At the end of the holding period, our 
portfolio's risk is the lowest compared with the individual stocks'. 
Now compare our portfolio with the buy and hold portfolio. As it can be expected, the 
buy and hold portfolio can also reduce the unique risk in the individual securities. 
Therefore its risk will be similar to that of the portfolio generated by our trading system. 
However for the buy and hold portfolio, since nothing is done actively to adjust the 
weighting of the component securities during the holding period, and its component 
stocks' weightings are determined solely by the price fluctuation, its excess retum is 
expected to be lower than our total Sharpe ratio portfolio. 
The following figures show the accumulative percentage excess retum and the standard 
deviation of the excess retum at each time step in the training set. 
Accumu l a t i v e E xcess Re t u r n Total Sharpe S tanda rd Dev i a t i on 
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Figure 3.28 Comparing the Excess Retum Figure 3.29 Comparing the Standard 
Deviation 
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It can be seen that in the aspect of risk (Figure 3.29), the two portfolios perform similarly. 
However from the aspect of excess retum, the total Sharpe ratio portfolio outperforms the 
buy and hold portfolio (Figure 3.28); our portfolio has an excess retum about 200% at the 
end of the holding period, which the buy and hold portfolio has only 29%. Our portfolio 
is nearly 7 times better than the buy and hold portfolio! 
The following summarizes the training and testing result of both portfolios. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
Buy and Hold ^ 33% 0 ^ 2A% Io3 
Portfolio 
Total Sharpe 207% s J % ^ ^ 2 ^ K s 
Ratio 
Portfolio 
Table 3.3 Comparing the two portfolios 
In training, the final Sharpe ratio of our total Sharpe ratio portfolio is 59.1, compared 
with the buy and hold portfolio, 8.8. In testing, the final Sharpe ratio of our total Sharpe 
ratio portfolio is 11.5, compared with the buy and hold portfolio, 10.5. It can be seen that 
either in training or testing, out total Sharpe ratio portfolio always performs better than 
the buy and hold portfolio. 
The Portfolio Weighting: 
Now let's see how our trading system allocates the weighting of the component stocks 
during the training. The following table shows the final excess retum, standard deviation 
and the Sharpe ratio of each security in the training set. 
— Stock6 Stock7 Stock8 Stock9 StocklO 
Final Excess Retum 43.2% 107.1% 56.8% -23.3% -6.2% 
Standard Deviation 4.3% 5.2% 4.8% 5.5% 4.3% 
~Final Sharpe Ratio 9.9 20.7 11.8 -4.2 -1.4 
Table 3.4 The performance of each security 
As it can be seen, stock 7 has the highest final Sharpe ratio, stock 8 has the second, then 
stock 6. Stock 9 and stock 10 have negative final Sharpe ratio. Therefore it is expected 
that it is wise to put more weighting on stock 7, stock 8 and stock 6, and lower weighting 
on stock 9 and stock 10. 
The following shows the weighting of the stocks in the portfolio during the training 
holding period. 
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Figure 3.30 the Portfolio Weightings 
It can be seen in Figure 3.30 that our trading system can really do the right thing; it puts 
the highest weighting on stock 7, and the lowest weightings on stocks 9 and stock 10. 
Note also that at time momentjust after t=70 and t=110, the weighting of the cash asset is 
rather high. It is because during these moments, there is a sharp decrease in the stock 
market (referring to the price patterns of the stocks). 
Finally it should be mentioned that the whole experiment above is done with a Sparc 
machine. The whole training time is about one hour. 
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3.6 Defining the Total Sharpe Ratio in terms of Downside Risk 
3.6.1. Introduction 
It has been mentioned in chapter 2 that in an investment period, the investor should bear 
some risk. In the definition of total Sharpe ratio, the risk defined is a symmetric risk, in 
which a very profitable retum is regarded the same as a very great loss. However in 
practice, one is usually aware of the risk of loss rather than the "risk" of gain. Therefore 
in the following, we are going to modify the definition of risk in the total Sharpe ratio so 
that only the risk of loss is taken into consideration during the training process. 
3.6.2. Covariance of the Individual Securities' Returns 
The main step here is to modify the covariance matrix of the securities' retum. In the case 
of total Sharpe ratio, the calculation of this matrix involves every time steps in the whole 
holding period no matter the portfolio gains or loses at these time steps. 
Now it needs to re-define the covariance matrix so that only the time steps at which the 
portfolio loses money are involved in the calculation. Let Ct / k be the excess 
multiplicative retum of the portfolio at time t, where Ct is the multiplicative retum of the 
portfolio and k is the multiplicative retum of the risk free security during one time step. 
Define 1^  be the set of time steps between t=l and t=T at which the excess mutiplicative 
retum of the portfolio is smaller than one; it means that at these time steps, the portfolio 
loses money; putting the money in the bank may have a higher retum. Mathematically 
Ix={t |tG{l,2,.. . ,x} a n d Q / k < l }. (3.24) 
Let's call the time steps at which the portfolio loses money "the losing time steps". At 
each losing time step t in I^ , the multiplicative retum of each security i, Rt，i, can be found. 
And these retums can be used to form a retum vector St； 
St = (Rt,i Rt,2... Rt,n)T, teI , (3.25) 
where T denotes the matrix transpose. 
Let nix be the mean vector of the retum vector set {SJ tE 1 ] 
m, = (StSt)/|Ix| (3.26) 
where the summation runs over all te Ix, and |Ix| denotes the number of elements in the set 
Ix. 
Then the covariance of the securities' multiplicative retums can be estimated during the 
losing time steps with the sample covariance matrix 
Vx = [ St(St - m,)(St - mO^ ] / (|I,|-1) (3.27) 
where the summation runs over all tG It. 
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3.6.3. Defme the Downside Risk Sharpe Ratio and the Objective Function 
Now at time step x, there is the portfolio multiplicative return Rx, the portfolio weighting 
Wx, and the covariance matrix Vx of the individual securities' retums at the losing time 
steps. To define the Downside Risk Sharpe ratio, it first needs to define the excess retum 
and the risk. 
3.6.3.1. The Excess Return 
Excess Retum of the Portfolio at time t (3.28) 
=Excess Multiplicative Retum - 1 
=Rx/k -1 
3.6.3.2. The Downside Risk 
We define the downside risk of the portfolio at time step T to be 
SDx=(w/V,Wx)' ' ' (3.29) 
Here V^ is the covariance matrix of the securities' retums at the past losing time steps, 
and Wx is the weighting of the security i in the portfolio at time x. 
3.6.3.3. The Sharpe ratio at time x 
Having defined the excess retum and the downside risk of the portfolio at time T, we can 
now define the corresponding downside Sharpe ratio of the portfolio at time x. 
Define the downside Sharpe ratio at time x to be 
SRx=(Rx/k-l)/(SD,+a) (3.30) 
where a is a small positive tolerance constant 
3.6.3.4. The Objective function 
Finally define the objective function, called the Downside Risk Total Sharpe Ratio, to be 
the sum of the downside Sharpe ratio at each time step during the whole investment 
period; 
Define the total Sharpe ratio 
TSR = A*(Zt SRt) (3.31) 
where the summation runs over all time steps during the holding period, and A is a 
constant. 
3.6.4. The Training Process 
The training process is just similar to that of the symmetric risk total Sharpe ratio. 
However in the current situation, before calculating the risk SDt at time t, it should be 
sure that the corresponding set It is non-empty. 
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3.7 Total Sharpe Ratio Involving Transaction Cost 
3.7.1 Introduction 
In the early definition of total Sharpe ratio, for simplicity, the transaction cost incurred 
during the trading is not considered. In the following, we are taking the transaction cost 
into consideration, such that our model can be more realistic. 
To do this, it needs to evaluate not only the retum of each security in the portfolio at each 
time step, but also the transaction cost used to buy or sell these securities. It will be later 
shown that if the transaction cost is considered, the retum of the portfolio will not be a 
linear combination of the securities' returns. Therefore we need to approximate the 
portfolio's retum with a linear combination of the component securities retums. 
After the securities' retums are evaluated, the covariance matrix of these retums can be 
constructed. Then express the risk of the linear approximation of the portfolio's retum in 
terms of the securities' risk with the formula ap^=w^Vw. Here C5^  is the variance of the 
linear approximation of the portfolio's retum, w is the portfolio weighting, and V is the 
covariance matrix of the securities'retums. 
3.7.2 Return for each stock and the whole portfolio at each time step 
Now first define the retum of each stock at a time step t. In the definition below, the 
transaction cost will be taken into consideration. 
At time t, suppose there is a total wealth of at. Then for each stock i, we have invested a 
wealth of at,i=atWt,i, where Wt,i is the fraction of wealth invested in stock i at time t. When 
it comes to time t+l, the price of the stocks changes. Now define the multiplicative 
retums rt’i of each stock as rt,i=valuet+i,i/valuet,i. 
After the price changes, the wealth spent on stock i becomes a't,i=rt,jat,i. And the total 
wealth becomes a't=Sta't,i=Strt,iat,i=atSirt,iWt,i. At the same time, the weighting of the 
stocks in the portfolio has changed also; the weighting for stock i changes from Wt,i to a 
new value of w，t’i=a，t’i/a，t. 
The price change at time t+1 enables us to make a multiplicative retum on stock i of 
Rt,=a't,/au= rt,. (3.32) 
As for the whole portfolio, we have made a multiplicative retum of 
Rt= a't/at= Sirt,iWt,i. (3.33) 
Note the relation Rt=LRt,iWt,i. This means that the multiplicative retum of the portfolio is 
the weighted average of individual stocks'retums. 
Now at this moment, it needs to adjust the weighting for stock i, changing the weighting 
from w，t’i to Wt+i,i. To change the weighting, some trading should be done, and 
consequently some transaction cost incurred. Suppose the transaction cost is proportional 
to the amount of wealth involved in the transaction, i.e. doing a transaction of value v 
will cost an amount of cv, where c is a proportional constant. 
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As for the problem of evaluating the transaction cost on each stock, the issue can be 
divided into 2 cases: 
Case 1: Buys stock i, so the weight w't,i will increases to Wt+i,i, i.e. wt+i,i>w'tj. 
After buying, the new wealth on stock i can be divided into 2 parts; the first part is the 
original wealth before transaction for this stock, and the other is the additional wealth 
bought in during the transaction. The transaction cost is paid from the original wealth. 
The original wealth on the stock is a't,i 
The amount we bought in is a'tWt+i,i-a't,i 
The transaction cost is c(a'tWt+1,i-a't4) 
Therefore after the buying, our original wealth on the stock becomes 
bt+i = a't,i - c(a'tWt+i,i-a't,i) 
=a't w't,i - c(a'tWt+i,i - a't w't,0 
=a't (w't,i - c(Wt+i,i - w't,i)) (3.34) 
Now define the loss due to the transaction (the buying) on stock i to be 
Lt,i = bt/a'n,i 
=a,t-i(w't-i,i - c(wt,i-wVi,i)) / a't-i,i 
=(w't-i,i - c(wt,i-w't.i,i)) / w't.i,i (3.35) 
Note that in defining the loss, we do not consider the additional wealth we bought in. 
Case 2: Sell stock i, so the weight w，t’i will decreases to Wt+i,i, i.e. wt+i,i<w't,i 
After selling, the original wealth before transaction on stock i is now divided into 2 parts: 
the first part is the remaining stocks not sold out, and the other is the cash got after selling 
the stocks. The transaction cost is paid from the cash got after selling the stocks. 
The amount sold out is a't4-a'tWt+1,i 
The amount of stocks remained is a\i - (a't4-a'tWt+1,i), and 
The transaction cost is c(a't4-a'tWt+1,i) 
Therefore after selling the wealth on stock i is 
at+i,i = (a,t,i-a'tWt+u) + (a't,i- (a't,i-a'tWt+i,0) - c(a，t,i-a，tWt+i’i) 
=a't,i-c(a't,i-a'tWt+i,i) 
=a'tWt,i - c(a'tWt,i -a'tWt+i,i) 
=a't (w't,i - c( w't,i -wt+i,i)) (3.36) 
Now define loss due to transaction (the selling) on stock i to be 
Lt,i=at,i/a't_i,i 
=a't-i(w't.i,i-c(wVi,i-Wt,i)) / a't-i,i 
=(w't-i,i - c(w't_i,i-Wt,i)) / w't_i,i (3.37) 
Generalizing the two cases above, we define the loss due to transaction on stock i to be 
Lt,i= (w't-i,i-c| Wt,i - wVi,i I) / w，t-i,i (3.38) 
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For the whole portfolio, after adjusting the stocks weighting, the wealth at time t+1 
becomes 
at+i=a't - cEi|a'tWt+i,i-a'tw't,i| (3.39) 
And the loss of the portfolio due to transaction of the component stocks is defined as 
Lt=at/a't-i 
=1- cEi|wt,i-w't-i,i| (3.40) 
Note the relation that 
Lt=l- cEi|wt,i-wVi,i 
=Si(wVl,i) - cSi|wt,i-w't.i,i 
=Si(wVi,i - c|wt,i-wVi,i|) 
=Ei(wVi,iLt,i) (3.41) 
This relation means that the transaction cost of the portfolio is the weighted average of 
the transaction cost of the individual stocks. 
Now the multiplicative retum of each stock at time t is defined as 
Q,i = Rt,i Lt,i 
=rt，i (w't_i,i - c| Wt,i - wVi,i I) / w,M,i (3.42) 
Note that when the transaction proportional constant c is 0, the multiplicative retum of 
the stock is 
Ct,i = rt,i (3.43) 
This is just the multiplicative retum defined in the case of the early version of total 
Sharpe ratio. 
For the portfolio, its multiplicative retum at time t is defined as 
Ct — RtLt 
=(EiRt,iWt,i) (Xi(wVi,iLt,i)) (3.44) 
3.7.3 Linear Approximation of the Portfolio's return 
From the formula of the multiplicative retum of the portfolio 
Ct = (SiRt,iWt,i) (XiLt,iw't.i,i) (3.45) 
It can be seen that the retum of the portfolio is not a linear combination of the stocks' 
retums, where the retums of the stocks are 
Q’i = Rt,i Lt,i, for i=l, 2, ..., n (3.46) 
Therefore up to this moment, it can not make use of the equation ap^=w^Vw to calculate 
the portfolio's risk, where w is the weighting of the portfolio, and V is the covariance 
matrix of the stocks' retum. 
However we may approximate Q with a linear combination of Ct,i, by utilizing the facts 
that the multiplicative retum of the each security at each time step is very close to 1, and 
that the transaction proportional constant is very close to 0. The following linear 
combination, denoted LCt, of Ct,i's is used to approximate Ct. 
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Ct=LCt=Wt’A’l + Wt’2Ct，2 + Wt’3Ct，3+…+ Wt’nCt’„ (347) 
= Wt,iRt’iLt,i+Wt’2Rt,2Lt’2+�+Wt’nRt’nLt’n ‘ 
As it is known that Rt，i and Lt,i are the multiplicative retum of stock i, their values are 
usually close to 1. Therefore if express them in the following forms 
Rt,i = 1+ 6i (3.48) 
Lt,i = 1 + 6i (3.49) 
where 8i and 5i are both very small numbers. 
Then the difference between Ct and LCt will be very small. In the extreme case when 8i 
and 5i tend to zero, the difference is 
lim{Ct -仏,} 
f ,—0 5,—0 
-lim{(LRuWj(S.L,,w;,,)-X.WuRMLu} 
£,—0 
《—。 （3 50) 





Moreover if express Ct and LCt in terms of Wt and wVi, then it comes 
Ct = (Sirt,iWt,i)(l-cEi|wt,i-w't.i,i|) (3.51) 
LCt = & Wt,i rt,i (wVi,i - c| Wt,i - wVi,i I) / w't-i,i (3.52) 
Since the transaction proportional constant c is very small, about 0.01, and the difference 
between the weighting Wt，i and wVi,i is also very small, so it comes 
Ct = (Sirt,iWt,i)(l-cEi|wt,i-wVi,i|) 
二 Eirt,iWt,i 
二 Zi rt,iWt,i(l - c| Wt,i - wVi,i I / w't-i,i) 
= LCt (3.53) 
Note also that when there is no transaction cost, then Lt,i=l for all i, and 
LCt = SiWt,iRt,i = Q (3.54) 
Therefore it is believed that LC is a reasonable linear approximation of Q. 
3.7.4 Covariance of the individual securities' returns 
At each time step t between 1 and T, we can find the retum of each security i, Q,i. At 
each time step t, use these retum to form a retum vector 
* T 
Ct = (Ct,i Ct,2 ... Ct,n)，where T denotes the matrix transpose. 
Let nix be the mean vector of the retum vectors from t=l up to t=x, i.e. 
mx = (Zt'= 1 Ct*)/T (3.55) 
Then the covariance of the securities' retums during the period between t=l up to t=T can 
be estimated with the sample covariance matrix 
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Vx = [ Et'= 1 (Ct* - m,)(Ct* - m / ] / (T-1) (3.56) 
3.7.5 Define the Sharpe ratio and the objective function 
Now at time step x, there is the linear approximation of the portfolio's retum LQ, the 
portfolio weighting w ,^ and the covariance matrix Vxfor the individual securities' retums. 
To define the Sharpe ratio, it first needs to define the excess retum and the risk. 
3.7.5.1 The Excess Return 
Here consider LCx instead of Cx in the excess retum. It is because Cx is not a linear 
combination of the component stocks' retums but LCx is. Therefore we can utilize the 
2 T 
equation Gp =w Cw to estimate the risk of the portfolio. So define the excess retum of 
the portfolio at time 11 be LCx / k- 1, where k is the retum of a risk free asset. 
3.7.5.2 The Risk 
Here consider again the standard deviation of LCx instead of Ct in the risk. The reason is 
the same with the excess retum case; C^ is not a linear combination of the component 
stocks' retums but LCx is. Therefore define the standard deviation of the linear 
approximation L Q at time T to be the risk of the portfolio SD: = ( w / N�^x)^'^ 
3.7.5.3 The Sharpe Ratio at time x 
After the excess retum and the risk are defined, define the Sharpe ratio at the time T to be 
SR,=(LC,/ k - l)/(SDx + a) (3.57) 
where the quantity 'a' is a small tolerance for avoidance of division by zero. 
3.7.5.4 The Objective Function 
Finally define the objective function, called the total Sharpe ratio, to be the sum of the 
Sharpe ratio at each time step during the whole investment period; 
Total Sharpe ratio TSR = A*St SRt, (3.58) 
for some constant A. 
Now what it needs to do is to adjust the weighting of the portfolio at each time step 
during the holding period so that the total Sharpe ratio TSR is maximized. To maximize 
the whole summation in TSR, randomly pick up one term, SRt, in the summation, and 
then maximize this term. If each SRt is maximize, then the sum of them will also be 
maximized. 
The next task for us to do is to calculate the gradient of SRt with respect to the portfolio 
weighting Wt, i.e. 3SRt/3 Wt. Then the chain rule can be used to find the gradient of the 
Sharpe ratio with respect to the system parameters. And finally the gradient ascend 
algorithm is adopted to adjust the parameters and maximize the total Sharpe ratio. 
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3.7.6 Calculation of the Gradient of the Total Sharpe Ratio 
Thedefinitionof Sharperatioat timetisgivenby 
S R t = : t ^ (3.59) 
t SDt+fl 
Diffemtiie withrespect tosecurityi's weightingat timet, w^j，wehave 
塾 = • _ i • _ ( ¾ - ^ ¾ ) (3.60) 
dw^, k*(SDt + a) 3wt,i SD^ + a 3w,. 
N o w L q = ^ w , j C , . , s o 
^ f ^ = S ( f ^ c , - . ^ ) 
3wt，i T awt,i awt,i 
3Wti dC^, 
i»l 广 • " ， t,l 
=3~Ct，i + w , i - ~ ~ � 3wt,i 
r � ’ ’ t^i *Wjj *c ’ 
= "^(Wt-i , i - c |w,. -Wt.i,i I)-"•~~r^"~~sgn(w,. - w ^ ) (3.61) 
Wt-U Wt_i,i 
3SD 
Asfor thecalculatioi of 
3wt,i 
LetCTjk be thejth row kth columnentryin thesamplecovariancematrixVj, then 
SD? =wfVtWt = S S w t , j W t , k & (3.62) 
j k 
Differentate both sides with respect tow^j, wehave 
3SDf r r 3 w t j 3wtk da,k 
< = ? ? ^ 4 w � w 《 。 , ， , , j w , ’ � ] 
= E S ^ w . , . , . S E w . ^ < . . - S E w . w . , ^ 
J k cKVt，i j k ow,,i j k (^t,i 
^ Tu ^W. T 5V. = 2 w ^ V , ^ + w ^ ^ w , (3.63) 
awti awt,i 
\T u 3sDt 1 asDf � a w t . 
Notethat-——= ，and-~- is a vector whoseith entryis 1 while 




For - ~ — , we just need to calculate ———for each j and k from 1 to n. 
awt,i dw,. 
From the definition of V^， 
V, = ^ f ^ ( C : - m , ) ( C : - m X (3.64) 
广—丄2T=1 
we know that cr ., is the summation of products, neglecting the te rm^—, of 
t-1 
the j th entry of the vector C* - m, and the k th entry of the same vector. 
However for the vector C*, its p th entry is the retum of the p th security C^ p where 




and for the vector m^, its p th entry is - ^ C^ ^ 
t T=\ 
So the p th entry of the vector C* - m ,^ denoted e^ p, is given by 
e = C -iv r 
-^,p “ r,p . Zj K,p 
t K^\ 
( l - 4 ) C t , p - | S c ^ w h e n t = r 
=< f t r=i 
1卜1 1 
(C.,p - -Y j^K,p ) - -C , , p , otherwise 
t /f-l L 
,1 K w;-i’p-+,,p-w;_i’p I 1 ^ 
( l - ; K p = - L ^ K , p ,whent = r 
1 W , 1 _ 1 ;^_i 
= 1 "1，P ’ "1 ’ （3.66) 
.p l V r � 1 ^ M , p - ^ | w , p - w , , J • 
(Cr,p --Xi^K,p)--^t ,v ； ,otherwise 
t /r=l t W"l,p 
Note that in both case this expression of e^ p can be divided into 2 parts, 
one involving w ^  and the other not. 
Differentiate this expression with respect to w ^ ；, we get 
n l�r,’p*c*sgn(wt，p-w:-i’p)awt’p 
3 - (1 - - ) ； ^ ,whent = r 
C'^r,p t Wt-iD d w . j 
= \ (3 67) 
3wt,i r,p*c*sgn(w -w； ) 3w . . 
； -,otherwise 
� t*Wt-i,p awt，i 
3w 
where -~"— equals 1 if p = i, and equals 0 if otherwise. 
3wt,i 
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1 ^ 3cr,., 
Now from the fact that cr^ .^  = 2^e^ .^e^  ^ , the value of ———can be expressed as 
^ - 1 r=l , ’ 3wti 
3o",t 1 ^ 3e^, 3e,,. 
^ = 7 ^ E K j ^ + e , , ^ ] (3.68) 
dwt,i r - l t f J3wt,i 3wt,i 
da. 
Note that when both j and k are not equal to i, the quantity ———=0. So the matrix 
^ w , i 
ay 
-~"— has all its entries equal to 0 except the i th row and i th column. � 
ay 
On the i th row of ———，i.e. j 二 i 
^ w , i 
forkA|^ = A : ^ e � k | ^ , a n d 
awt，i ^ - i . = i 3w,. 
fork = i , i ^ = l t 2 e : i ^ 
3wt,i t - l t i ’ 3wt,i 
a y 
On the i th column of ———,i.e. k = i 
� 
f . 4 . � i 1 V ^ [ i 
for 1 ^ 1,———: > e,.——-
awt，i r - l ^ r , j ^ t , i 
^ n - , ^ ^ ; ^ S 2 e , | ^ 
o^t,i t-^^i � 
a y 
The shape of the matrix ———is just like the following 
� 
f 0 ... 1 ^ 0 …） 
dWj. 
. . . 0 ^ 0 ... 
aw ti 
3 � 1 � 2 a � + i (3.69) 
awt,i 3w,. … awt,i ... 
3 o " , M , 
0 0 ^ ^ 0 ... 
—， i 
� • • • • • • • • • • • • • • • 
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3.7.7. Analysis of the Total Sharpe Ratio Gradient 
3.7.7.1 The Gradient Vector of the Sharpe Ratio at a Particular Time Step 
From the definition of SRt, SRt=(LCt/k-1 )/(SDt+a), differentiating both sides with respect 
to weighting of security i at time t, that is Wt，i, we have 
a s R t _ 1 dLC, l,C,-k 3SD 
aWt，i k*(SD,+a)aWt,i (SDt+a)3wt,i 
From this equation it can be seen that the gradient of the Sharpe ratio at time t can be 
decomposed into 2 parts, one involving the gradient of the linear approximation of the 
portfolio's retum 3LQ/3wt,i, and the other involving the gradient of the standard deviation 
8SDt/3wt,i. 
Since the term l/[k*(SDt+a)] is always positive, the gradient vector of the Sharpe ratio 
always contains a component 3LCt/3wt,i pointing at a direction which will maximize the 
linear approximation of the portfolio's retum at time t. 
As for the gradient vector of the risk, the discussion can be divided into 2 cases: 
Case 1: When LCt-k>0, i.e. the linear approximation of the portfolio's retum is greater 
than the risk free security. In this case the coefficient of the gradient of standard 
deviation, i.e. the term -(LCt-k)/(k*(SDt+a)^) is negative. Therefore the gradient of the 
Sharpe ratio contains an other component vector pointing at -3SDt/3wt,i which will 
minimize the risk at time t. 
Case 2: When LCt-k<0, i.e. the linear approximation is less than the risk free security 
In this case the coefficient of the gradient of standard deviation, i.e. the term 
-(LCt-k)/(k*(SDt+a)^) is positive. Therefore the gradient of the Sharpe ratio contains an 
other component pointing at 3SDt/8wt,i which will maximize the risk at time t. Since after 
the updating of the system parameters, the Sharpe ratio at time t must be increased, and 
the standard deviation at time t also increases, the linear approximation of the retum at 
time t should increase as a result. This means that the system is willing to bear a greater 
risk in retum for a higher excess retum whenever the excess retum is negative. 
3.7.7.2 The Gradient Vector of the Risk 
In the case of total Sharpe ratio without transaction cost considered, the covariance 
matrix of the component securities retum is a constant matrix. However in the case of 
total Sharpe ratio with transaction cost considered, the covariance matrix is no more a 
constant matrix. The entries in the matrix are all functions of the portfolio weightings Wt. 
Referring to the derivation of the gradient vector, it finds that the ith entry of the gradient 
vector of the risk is in the following form 
3SDt/3wt,i = a ( 2wt^  Vt 3wt/3wt,i + Wt^  3Vt/3wt,i Wt) (3.71) 
94 
where SDt is the risk at time t, a is some scalar, Vt is the covariance matrix of the 
component securities' retum, Wt is the portfolio weighting at time t, and Wt,i is the 
weighting of security i in the portfolio. 
Note that going in the direction of the risk gradient vector will not only modifies the 
weighting of the portfolio Wt, but also modifies the covariance matrix Vt. It means that in 
the training process, we are modifying the risk by modifying the portfolio weighting as 
well as the covariance between the securities' retums. 
95 
3.7.8 Experiment 1: Compared with Buy and Hold Method 
3.7.8.1 Experiment 1.1 
I. Objective: In this experiment, the total Sharpe ratio is applied as the training criterion 
to train a portfolio trading system. During the investment period, the transaction cost is 
considered (The transaction proportional constant is 1% in this experiment). Then we 
discuss the performance of the resulting portfolio, and compare the result with the buy 
and hold strategy. 
II. Experimental Setup 
- The Data: The training and testing data are selected from 5 stocks: from stock6 to 
stocklO. For each stock, 1000 daily price from 1993 to 1996 are used. Among the 
data, the first 80% of them are for training, and the later 20% are for testing. Before 
the price values are used for training, they are preprocessed by normalization, i.e. 
being re-scaled into the interval [-1,1]. In the figures from Figure 3.31 to Figure 3.35, 
the price patterns of the stock are shown. Note that for stocks 6 to 8, the price patterns 
in training and testing set are similar, both rising. But for stock 9 and 10, the prices do 
not vary too much during training but rising rather a lot in the testing set. 
s t o c k 6 S t o c k 7 
f : ^ A v ^ !;| M ^ 
3。_ 1 5 - A A x / ^ 
20 J 1 , . 1 10 \ , , 1 
1 51 101 151 1 51 101 151 
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Figure 3.31 Stock 6 Price Figure 3.32 Stock 7 Price 
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l : ; y v y / | I : : W V ^ 
10 ^  ' . r- •丨 0 J r- , , 1 
1 51 101 151 1 51 101 151 
llme(week) Ume(week) 
Figure 3.33 Stock 8 Price Figure 3.34 Stock 9 Price 
S t o c k 10 
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8 J I , , 
1 51 101 151 
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Figure 3.35 Stock 10 Price 
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- T h e Prediction Model: In the prediction model, for each stock there is a neural 
network predicting its price movement. All the networks contain one input layer, one 
hidden layer and one output layer. In the input layer of each network, 10 consecutive 
daily price values in the past 10 days are presented. In the hidden layer, there are 5 hidden 
neurons. The hidden neurons' activation function is the hyperbolic tangent function. In 
the output layer, there is only one neuron with linear activation function. The signal 
presented at the output neuron is the prediction of the price value one week ahead. So the 
prediction model receives daily price value of a stock in the past 10 days, and then 
predicts the price value one week ahead. 
-The Trading Model: The Bengio's trading algorithm is used to determine the weighting 
of the stocks in the portfolio according to the prediction results. The annual interest rate 
of the cash asset is 6%. 
III. The Experimental Result: 
-The Portfolio's Excess Return and its Linear Approximation 
Let's first look at the portfolio's multiplicative retum at each time step, and its linear 
approximation. Since the portfolio's true retum is approximated with a linear combination 
of its component stocks' retum, and our Sharpe ratio is defined based on this linear 
approximation, it need to ensure that the value of the linear approximation does not differ 
too much from the true value. The following figure shows the portfolio's multiplicative 
retum at each time step during the training holding period and its linear approximation. 
Compare portfolio return with its linear 
appriximation 
1 - 2 � Portfolio return 
i ' : H f v v | % 4 W w # A ^ 
0.8 L 1 1 i _ 
1 51 dme (week) 101 151 
Figure 3.36 Portfolio Retum and its Linear Approximation 
In Figure 3.36, it should have been seen 2 zigzag curves in the figure. However since the 
portfolio actual retum and its linear approximation is nearly the same, the two curves are 
too close to each other, and only one can be seen. 
-The Increasing Final Sharpe Ratio 
To compare with the buy and hold method, the final Sharpe ratio is chosen as the 
measure. The final Sharpe ratio is the Sharpe ratio at the end of a holding period. Before 
discussing this issue, it needs to recall the concept of the final Sharpe ratio. Let Et, t=l,2, 
. . . , T be the multiplicative excess retum of the portfolio at time t. Then the final 
accumulative multiplicative excess retum of the portfolio at the end of the holding period 
is rit^= iEt, and the corresponding final percentage excess retum is p = 1¾¾ -1. The 
variation of the Et is measured with its sample standard deviation, a = std(Et). Call this a 
the final standard deviation of the portfolio. Now the performance of the portfolio during 
the whole holding period can be measured with the ratio of p to a, p/a, called the final 
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Sharpe ratio of the portfolio. 
Figure 3.37 to Figure 3.42 show the final percentage excess retum, the final standard 
deviation, i.e. std(Et), and the final Sharpe ratio of the portfolio during the training and 
testing process. 
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In Figure 3.37, it can be seen that in training the final excess retum increase from about 
83% to 92% (a 11% increase), but the risk only increase from 4.0% to 4.16% (a 4% 
increase in Figure 3.38). The increase in excess retum is much higher than the increase in 
risk. As a result the training final Sharpe ratio increased from 20.7 to 22.1 (7% increase 
in Figure 3.39). In testing final excess retum decreases from about 21.2% to 20.4% (a 
3.8% decrease in Figure 3.40), but the risk decreases from 2.0% to 1.9% (a 5% decrease 
in Figure 3.41). The decrease in risk is greater than the decrease in excess retum. As a 
result the testing final Sharpe ratio increased from 10.65 to 10.7 (Figure 3.42). 
-Compare with Buy and Hold Method 
Now compare the performance of the portfolio given by our trading system with the buy 
and hold method based on the criteria of final excess retum, the risk and the final Sharpe 
ratio. It needs to compare the total Sharpe ratio portfolio with 
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1. Each security traded with buy and hold method, with all the fund invested on it and 
2. Buy and hold portfolio, a portfolio containing the same component stocks with our 
portfolio, but traded with buy and hold method and using equal initial weighting for 
the component stocks. 
First compare our portfolio's performance with each component stocks' performance. The 
following figures show the accumulative percentage excess retum and the standard 
deviation of the percentage excess retum at each moment of the training holding period. 
Final excess return Standard Deviation 
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Figure 3.45 Comparing the Final Sharpe Ratio 
For the excess retum (Figure 3.43), our portfolio keeps at an upper rank compared with 
the component securities. Note that out portfolio needs to pay the transaction cost while 
the buy and hold method does not need any transaction cost. As for the standard deviation 
(Figure 3.44), our portfolio reduce the unique risk in the securities, and keep its risk at a 
rather low level compared with the individual securities. Consequently the final Sharpe 
ratio of our portfolio is the highest one compared with the component securities' (Figure 
3.45). 
The following table shows the final excess retum, standard deviation and final Sharpe 
ratio of our portfolio and the component securities traded with buy and hold method at 
the end of the training. It can be seen that the final Sharpe ratio of our portfolio has the 
highest final Sharpe ratio. 
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Final Excess Standard Deviation Final Sharpe Ratio 
Retum 
Stock6 43% 4.3% 9.9 
" ^ o c k 7 107% — 5.2% 20.7 
Stock8 — 56.8% — 4.8% — 11.8 
""Stock9 -23.3% 5.5% -4.2 
StocklO -6.2% 4.3% 一 -1.4 
"^r t fo l io 92% 4.2% 22 
Table 3.5 Comparing the performance of our portfolio with its component securities 
Now compare our portfolio with the buy and hold portfolio. As it can be expected, the 
buy and hold portfolio can also reduce the unique risk in the individual securities. 
Therefore its risk will be similar to that of the portfolio generated by our trading system. 
However for the buy and hold portfolio, since nothing is done actively to adjust the 
weighting of the component securities during the holding period, and its component 
stocks' weightings are determined solely by the price movement, its excess retum is 
expected to be lower than our total Sharpe ratio portfolio. 
Figure 3.46 to Figure 3.4 show the accumulative percentage excess retum and the 
standard deviation of the excess retum at each time step during the training holding 
period. 
Final excess retum Standard deviation 
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It can be seen in Figure 3.46 that for the excess retum, the total Sharpe ratio portfolio is 
much higher than the buy and hold portfolio; our portfolio has an excess retum about 
92% at the end of the holding period, which the buy and hold portfolio has only 29%. 
Our portfolio is 3 times better than the buy and hold portfolio. As for the risk, the buy and 
hold portfolio is a little bit lower than the total Sharpe ratio one (Figure 3.47). However 
our portfolio has a higher final Sharpe ratio, 22, than the buy and hold portfolio, 8.8 
(Figure 3.48). The following summarizes the training and testing result of both portfolios. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
Buy and Hold ^ 33% ^ ^ U% 1 ^ ~ ~ 
Portfolio 
Total Sharpe 9 ^ 4.2% ^ 20.4% L ^ 1 ^ ^ 
Ratio Portfolio 
Table 3.6 Comparing the two portfolios 
In training the final Sharpe ratio of the buy and hold portfolio is 8.8, while our total 
Sharpe ratio portfolio's is 22. In testing the buy and hold portfolio is 10.5 and our 
portfolio is 10.7. It can be seen that either in training or testing, out total Sharpe ratio 
portfolio always performs better than the buy and hold portfolio. However the testing 
final Sharpe ratio is not greater than that of the buy and hold method for much. It is due 
to the fact that the transaction cost is incurred during trading Moreover the price patterns 
for stock 9 and 10 have changed in the testing data set compared with the training data 
set, changed from a little variation to a rather large increase. It is especially for stock 9 
the price of which increases from about $3 to about $6 in the testing set, 100% increase, 
greater than the other stocks (see the its price pattem at the beginning of this section). But 
in the training its price did not increase a lot compared with other stocks, the trading 
system thus did not put sufficient weighting on it, and as a result its weighting in testing 
is not so large and the trading system can not make a larger retum. 
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3.7.8.2 Experiment 1.2 
I. Objective: In this experiment, we again apply the total Sharpe ratio as the training 
criterion to train a portfolio trading system to another set of stock data. During the 
investment period, the transaction cost is considered (The transaction proportional 
constant is 1% in this experiment). Then we discuss the performance of the resulting 
portfolio, and compare the result with the buy and hold strategy. 
II. Experimental Setup 
- The Data: The training and testing data are selected from 5 stocks: from stock6 to 
stocklO. For each stock, 800 daily price from late-1990 to late-1993 are used. Among 
the data, the first 80% of them are for training, and the later 20% are for testing. 
Before the price values are used for training, they are preprocessed by normalization, 
i.e. being re-scaled into the interval [-1,1]. In the following, from Figure 3.49 to 
Figure 3.53, the price patterns of the stock are shown. Note that the price patterns in 
the training set and testing set are generally the similar, both increasing except for 
stock 9. 
stock 6 Stock 7 
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- T h e Prediction Model: In the prediction model, for each stock there is a neural 
network predicting its price movement. All the networks contain one input layer, one 
hidden layer and one output layer. In the input layer of each network, 10 consecutive 
daily price values in the past 10 days are presented. In the hidden layer, there are 5 
hidden neurons. The hidden neurons' activation function is the hyperbolic tangent 
function. In the output layer, there is only one neuron with linear activation function. The 
signal presented at the output neuron is the prediction of the price value one week ahead. 
So the prediction model receives daily price value of a stock in the past 10 days, and then 
predicts the price value one week ahead. 
-The Trading Model: The Bengio's trading algorithm is used to determine the weighting 
of the stocks in the portfolio according to the prediction results. The annual interest rate 
of the cash asset is 6%. 
III. The Experimental Result: 
-The Portfolio's Excess Return and its Linear Approximation 
Let's first look at the portfolio's multiplicative retum at each time step, and its linear 
approximation. Since we are approximating the portfolio's true retum with a linear 
combination of its component stocks' retum, and our Sharpe ratio is defined based on this 
linear approximation, we need to ensure that the value of the linear approximation does 
not differ too much from the true value. Figure 3.54 shows the portfolio's multiplicative 
retum at each time step during the training holding period and its linear approximation. 
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Figure 3.54 Portfolio Retum and its Linear Approximation 
We should have seen 2 zigzag curves in the figure. However since the two curves are too 
close to each other, we can only see one. In this experiment, the sum square difference 
between these two curves is 1.13x10.6. Therefore the linear approximation of the 
portfolio's retum is very close to the return's true value. 
-The Increasing Final Sharpe Ratio 
To compare with the buy and hold method, we choose the final Sharpe ratio as the 
measure. The following figures shows the final percentage excess retum, the final 
standard deviation, i.e. std(Et), and the final Sharpe ratio of the portfolio during the 
training process. 
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We can see that in training (Figure 3.57) the final excess retum increase from about 
150% to 235% (a 57% increase), but the risk only increase from 3.1% to 3.4% (a 10% 
increase in Figure 3.56). The increase in excess retum is much higher than the increase in 
risk. As a result the training final Sharpe ratio increased from 47.5 to 70.5 (48% increase 
in Figure 3.57). In testing final excess retum increase from about 5.9% to 8.9% (a 51% 
increase in Figure 3.58), but the risk only increase from 3.1% to 3.3% (a 6.7% increase in 
Figure 3.59). The increase in excess retum is much higher than the increase in risk. As a 
result the testing final Sharpe ratio increased from 1.9 to 2.7 (42% increase in Figure 
3.60). 
-Compare with Buy and Hold Method 
Now compare the performance of the portfolio given by our trading system with the buy 
and hold method based on the criteria of final excess retum, the risk and the final Sharpe 
ratio. We need to compare our portfolio with 
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1. Each security traded with buy and hold method, with all the fund invested on it and 
2. Buy and hold portfolio, a portfolio containing the same component stocks with our 
portfolio, but traded with buy and hold method and using equal initial weighting for 
the component stocks. 
We first compare our portfolio's performance with each component stocks' performance. 
The following figures show the accumulative percentage excess retum and the standard 
deviation of the percentage excess retum at each moment of the training holding period. 
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For the excess retum (Figure 3.61), our portfolio keeps at an upper rank compared with 
the component securities. Note that out portfolio needs to pay the transaction cost while 
the buy and hold method does not need any transaction cost. As for the standard deviation 
(Figure 3.62), our portfolio reduce the unique risk in the securities, and keep its risk at a 
rather low level compared with the individual securities. Finally the final Sharpe ratio of 
our portfolio is the second highest one compared with the component securities' (Figure 
3.63). 
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The following table shows the final excess retum, standard deviation and final Sharpe 
ratio of our portfolio and the component securities traded with buy and hold method at 
the end of the training and testing holding period. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
Stock6 304% 3.7% — 81 “ 3.7% 3.7% — 1.0 
Stock7 5Q9T" 3.5% 一 14 “ 24% 4.9% — 4.9 
Stock8 1 9 9 ^ 4.6% — 43 2.0% 4.4% — 0.4 
Stock9 4 1 ^ T " 8.9% — 4.6 -13% 4.8% — -2.8 
StocklO 229T" 3.5% — 6.2 0.9% 4.0% — 0.2 
Portfolio 235% 3.3% 70 8.9% 3.3% 2.7 
Table 3.7 Comparing the performance of our portfolio with its component securities 
We see that the final Sharpe ratio of our portfolio is the second highest in both training 
and testing. However it does not negate the benefit of forming a portfolio. It is because if 
we are only allowed to trade one security, we will choose stock6 after considering the 
performance of all the component securities since stock6 has the highest final Sharpe 
ratio for the training data. However when it comes to testing, the stock6 has only a final 
Sharpe ratio of 1.0 while our portfolio remains at the second highest position, 2.7. Note 
that in both training and testing our portfolio has the lowest risk. 
Now we compare our portfolio with the buy and hold portfolio. As we can expect, the 
buy and hold portfolio can also reduce the unique risk in the individual securities. 
Therefore its risk will be similar to that of the portfolio generated by our trading system. 
However for the buy and hold portfolio, since nothing is done actively to adjust the 
weighting of the component securities during the holding period, and its component 
stocks' weightings are determined solely by the price movement, its excess retum is 
expected to be lower than our total Sharpe ratio portfolio. 
The following figures show the accumulative percentage excess retum and the standard 
deviation of the excess retum at each time step during the training holding period. 
Final excess retum Standard deviation 
250 _ T o t a l 4 � 
I ： — — 产 P ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 
h . J ^ J ^ r r J " ^ ^ ^ 1 ' ? ‘ — T o t a l 
^ 50 - ^^^^^"^^^^^^^^^^^^^ I 0.5 - — B u y and Hold 
0 ‘ ‘ 1 5 1 101 
1 51 o^e(week) '° ' timc (week) 
Figure 3.64 Final Excess Retum Figure 3.65 Standard Deviation 
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We can see that for the excess retum (Figure 3.64), the total Sharpe ratio portfolio is 
much higher than the buy and hold portfolio; our portfolio has an excess retum about 
235% at the end of the holding period, which the buy and hold portfolio has only 103%. 
Our portfolio is nearly 130% better than the buy and hold portfolio. As for the risk 
(Figure 3.65), the two portfolios' performance is just similar. Consequently our portfolio 
has a higher final Sharpe ratio, 70, than the buy and hold portfolio, 37 (Figure 3.66). 
The following summarizes the training and testing result of both portfolios. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
Buy and Hold 103% 2.8% ^ 2.9% 2.6% 0 
Portfolio 
Total Sharpe 235% 3 ^ ^ ^Mo 3 ^ ^ " ^ 
Ratio Portfolio 
Table 3.8 Comparing the two portfolios 
In training the final Sharpe ratio of the buy and hold portfolio is 37, while our total 
Sharpe ratio portfolio's is 70. In testing the buy and hold portfolio is 1.1 and our portfolio 
is 2.7. We see that either in training or testing, out total Sharpe ratio portfolio always 
performs better than the buy and hold portfolio. In testing the final Sharpe ratio of our 
portfolio is much higher than that of the buy and hold method. It is because in training the 
price patterns of the stocks are similar to that in testing (see the price pattems above). As 
a result it is much easy for the trading system to leam from training and apply what it 
leamt in the testing. 
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3.7.9 Experiment 2: Compared with NaiVe Sharpe Ratio 
3.7.9.1 Objective: In this experiment, the total Sharpe ratio is to be compared with the 
naiVe Sharpe ratio. For the naiVe Sharpe ratio training, as it has been discussed above, 
there is a limitation on the excess retum during the training. For the total Sharpe ratio 
training, there is no such limitation. Therefore it can be expected that the excess retum of 
the total Sharpe ratio portfolio will be higher than that of the naiVe Sharpe ratio portfolio. 
3.7.9.2. Experimental Setup 
In both experiments, 5 stock data from year 1993 to 1996 are used as the training and 
testing data. The stocks are from stockl to stock5. There are 800 daily price values for 
each stock. The first 80% of the data are for training and the following 20% are for 
testing. 
Figure 3.67 to Figure 3.71 show the price patterns for the 5 stocks. 
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In order to compare the result of these 2 training objective, there should be a common 
measure for them. The final Sharpe ratio is to be used as the common measure. For ease 
of reference, the meaning of the final Sharpe ratio is restated below. 
Let Et, t=l,2, ..., T be the multiplicative excess retum of the portfolio at time t. The final 
accumulative multiplicative excess retum of the portfolio at the end of the holding period 
T 
is thus rit = iEt, and the corresponding final percentage excess retum, or final excess 
retum, is p = HEt - l . The variation of the Et, measured by a = std(Et), is called the final 
standard deviation of the portfolio. The performance of the portfolio during the whole 
holding period can be measured with the ratio of p to a, p/a, called the final Sharpe ratio 
of the portfolio. 
For the configuration of the trading system, a neural network is used to predict the price 
of each stock. The daily data in the past 10 days are used as input, 5 hidden neurons for 
processing the input signals, and one output neuron to give the prediction of the price 
value one week later. 
For both training processes, it starts with the same set of initial parameters. Before the 
training, the initial portfolio weighting is allocated evenly among the securities. And we 
use the portfolio weighting at the last moment of the training as the initial portfolio 
weighting for the testing. 
3.7.9.3. The Experimental Result 
Recall a property in the naiVe Sharpe ratio training that the gradient vector of the risk is 
linearly dependent on the gradient vector of the retum. As a result, the portfolio can not 
have a very large retum. Once the retum at a particular time step is too large, the system 
will regard it as very risky, and try to reduce the retum. Therefore restriction is put on to 
limit the largest possible profit that can be made. 
However the total Sharpe ratio training does not suffer from this limitation. In such 
training process, the gradient vector of the retum is linearly independent of the gradient 
vector of the risk. As a result the retum and the risk change independently during the 
training process. As a result, it is expected that the total Sharpe ratio training will give a 
higher excess retum than the naive Sharpe ratio training. 
First look at the training result of the naiVe Sharpe ratio (NSR) training. 
Training Final Excess Return Training Standard Deviation 
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Figure 3.72 NSR Training Final Excess Return Figure 3.73 NSR Training Standard Deviation 
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Figure 3.74 NSR Training Final Sharpe Ratio 
After the training, the final excess retum increased from 39.6% to 54.4% (37% increase), 
the standard deviation reduced from 4.14% to 3.85% (7% decrease), and the final Sharpe 
ratio increased from 9.6 to 14.1 (47% increase). 
The following show the NSR testing result. 
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In the testing, the final excess retum increased from 44.8% to 45.7%, the standard 
deviation reduced from 4.97% to 4.5%, and the final Sharpe ratio increased from 9.0 to 
10.2. Now look at the training result of the total Sharpe ratio (TSR) training. 
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The final excess retum increased from 39.6% to 63% (59.1% increase), the standard 
deviation reduce from 4.14% to 4.08% (1.5% decrease), and the final Sharpe ratio 
increased from 9.6 to 15.5 (61.5% increase). 
For the testing we have the following result. 
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In the testing, the final excess retum decreased from 44.8% to 31.5%, the standard 
deviation reduced from 4.97% to 2.80%, and the final Sharpe ratio increased from 9.0 to 
11.2. 
In the figures above, it can be seen that since the naiVe Sharpe ratio training put a 
limitation on the excess retum, its final excess retum can only increase by 37%. However 
the total Sharpe ratio training, which does not suffer from this limitation, has increased 
the final excess retum by 51%, much higher than that of the former training method. As 
for the risk, since the naiVe Sharpe ratio training is very willing to sacrifice the high 
retum for a low risk, its risk is relatively lower than that of the total Sharpe ratio training. 
However such low risk can not compensate the retum forgone. As a result, the final 
Sharpe ratio of the naiVe Sharpe ratio training is lower than that of the total Sharpe ratio 
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training, 14.1 to 15.5. 
For the testing, since the total Sharpe ratio training can produce a portfolio which 
performs uniformly well during the whole training holding period, it can capture the 
properties of the stock price patterns much better than the nai've Sharpe ratio training. As 
a result, the final Sharpe ratio of the total Sharpe ratio training method is about 10% 
higher than that of the nai've one, 11.2 to 10.2. 
The following table summarizes the performance of the two sets of results. 
Naive Sharpe Ratio Total Sharpe Ratio 
Training Testing Training Testing 
Final Excess Retum 一 54.4% 45.7% 6 ^ 31.5% 
Final Standard Deviation T.85% "4.5% “ 4.08% 2.8% 
FinalSharpeRatio | l 4 .1 10.2 15.5 11.2 
Table 3.9 Comparing the two training methods 
In the testing, although the final excess retum of naiVe Sharpe ratio training is higher than 
that of the total Sharpe ratio training, it does not mean that the naiVe Sharpe ratio training 
is better than the total Sharpe ratio training. It is because before testing, the investor does 
not know the retum and risk of the portfolio at the end of the testing period. Other than 
expecting a high retum, he should also take the risk into consideration, hoping that the 
risk at the end is as small as possible. In the experiment if look at the risk of the testing 
set, we find that the risk of total Sharpe ratio training is much lower than that of the naive 
Sharpe ratio training. It means that by choosing the total Sharpe ratio training criterion, 
the risk bom by the investor can be smaller compared with the naive Sharpe ratio 
training. After combining the concerns on both the retum and the risk, the experiment 
shows that it had better to choose total Sharpe ratio as the training objective. 
Finally it should be mentioned that the whole experiment above is done with a Sparc 
machine. The whole training time is about one hour. 
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3.7.10 Experiment 3: Compared with other models 
3.7.10.1 Experiment3.1 
I. Objective: In this experiment, our total Sharpe ratio model is to be compared with 
1. The traditional prediction criterion training method, the minimum means square error 
training, and 
2. The Bengio's maximum retum criterion training method. 
II. Experimental Setup 
In the three training methods, the data from 5 stocks in the Hong Kong stock market are 
used. The data are 1000 daily data from 1993 to 1996. The stocks are from stock6 to 
stocklO. The first 80% of the data are for training and the following 20% are for testing. 
- F i g u r e 3.84 to Figure 3.88 show the price patterns of the stocks. Note that for stocks 6 
to 8, the price patterns in training and testing set are similar, both rising. But for stock 
9 and 10, the prices do not vary too much during training but rising rather a lot in the 
testing set. 
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In order to compare the result of these 3 training methods, the final Sharpe ratio is used as 
the evaluation objective. For the configuration of the trading system, a neural network is 
used to predict the price of each stock. The daily data in the past 10 days is used as input. 
There are 5 hidden neurons for processing the input signals, and one output neuron to 
give the prediction of the price value one week ahead. For the three training methods, 
they start with the same set of initial parameters. Before the training, the initial portfolio 
weighting is allocated evenly among the securities. The portfolio weighting at the last 
moment of the training is used as the initial portfolio weighting for the testing. For the 
training with prediction criterion, the mean square error is used as the training objective. 
III. The Experimental Result 
-The Training with prediction criterion 
In the mean square error training, the difference between the real price data and the 
prediction of the neural networks is reduced. After each epoch, we use the new neural 
network weightings to do trading on the whole training data set, and evaluate the final 
Sharpe ratio. Recall from the Bengio's paper, it is known that the mean square error 
training may not give an optimal result for the financial objective, such as the excess 
retum. The situation is the same with the Sharpe ratio objective, as it can be seen in the 
following. In the training the neural networks are trained so that their mean square errors 
are all less than 0.0001. 
Figure 3.89 to Figure 3.94 show the training and testing final excess retum, the standard 
deviation, and the final Sharpe ratio in the mean square error (MSE) training. 
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In both training and testing it can be seen that the final excess retum is decreasing while 
the standard deviation does not vary too much. As a result the training and testing final 
Sharpe ratio is decreasing. It is once again proved that the prediction criterion training 
may not give an optimal final objective, not only in the case of retum but also in the case 
of Sharpe ratio. 
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-The Bengio model training 
The Bengio model is trained on the maximum excess retum criterion. So it is shown in 
the following figures that the excess retum will grow with training epoch, and its value 
will be higher than that given by the MSE training. As for the risk, it keeps at a level 
higher than that in the MSE training. 
Figure 3.95 to Figure 3.100 show the training and testing result of the Bengio's model. 
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As it can be seen, the retum of the portfolio is increasing steadily during the training. In 
training the excess retum reaches a very high value of 104%, higher than that of the MSE 
training, 46% (Figure 3.95). As a result the final Sharpe ratio of the Bengio training 
(about 27 in Figure 3.97) is higher than that of the MSE training (about 12). However 
since the Bengio training put a heavy weighting on the stock 7 the retum for which is 
maximum in training, and stock 7 does not performs as good as other stocks, for example 
stock 9，in the testing period (see the price patterns above), the testing final Sharpe ratio 
of Bengio training is decreasing as a result (Figure 3.100). 
-The total Sharpe ratio training 
In the total Sharpe ratio training, the risk is carefully adjusted while the retum is 
maximized. As it can be seen below that in training the excess retum increases steadily 
from 83% to 92% (Figure 3.101). And at the same time, the risk does not increase too 
much from 4.0% to 4.2% (Figure 3.102). As a result the final Sharpe ratio increases from 
about 20.7 to 22 (3.103). Although this final Sharpe value is not the highest in training, in 
testing the final Sharpe ratio of this training method reaches the highest value compared 
with the other two models, 10.7 (Figure 3.106). 
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Figure 3.101 to Figure 3.106 show the training and testing result of the total Sharpe ratio 
training. 
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The following table summaries the performance of the three training methods. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
Initial ^ Amc ^ 21.2% lM> 1 ^ ^ 
Configuration 
MSETraining 45.8% 3.8% 12 一 23.7% 2.4% 9.7 
Bengio Model ~ l 0 4 % 3 . 9 % ~ 27 — 15% 1.5% 10.2 
Total Sharpe ~ " ^ 4 ^ ^ 20.4% L ^ i ^ ~ ~ 
Ratio 
Table 3.10 Performance of the three training methods 
In the table we can see that the performance of the MSE training is the worst. In the 
training the Bengio model has the highest final Sharpe ratio. It is due to its high excess 
retum since it put heavy weighting to the stock with the high retum. However if we look 
at the price patterns of the stocks, it can be seen that the price patterns in the training set 
are different from that in the testing set; stock 9 and 10 are of little variation in training 
but increase a lot in testing. It is especially for stock 9 the price of which increases from 
about $3 to about $6 in the testing set. Since in the training its price is of little variation 
compared with other stocks, the Bengio trading system thus did not put sufficient 
weighting on it, and as a result its weighting in testing is not so large. On the other hand 
since the total Sharpe ratio training does not put too heavy weighting on the security with 
the highest retum, the problem it suffered is not as large as that of the Bengio training. 
Consequently the total Sharpe ratio trading system performs better than total Sharpe ratio 
in testing. 
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3.7.10.2 Experiment 3.2 
I. Objective: In this experiment, we are going to compare our total Sharpe ratio model 
with 
1. The traditional prediction criterion training method, the minimum means square error 
training, and 
2. The Bengio's maximum retum criterion training method. 
II. Experimental Setup 
In the three training methods, we all use the data from 5 stocks from the Hong Kong 
stock market. The data are 800 daily data from 1990 to 1993. The stocks are from stock6 
to StocklO. The first 80% of the data are for training and the following 20% are for 
testing. 
Figure 3.107 to Figure 3.110 show the price patterns of the stocks. Note that the price 
patterns in the training set and testing set are generally the similar, both increasing except 
for stock 9. 
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In order to compare the result of these 3 training methods, we again use the final Sharpe 
ratio as the evaluation objective. For the configuration of the trading system, we use a 
neural network to predict the price of each stock. We use the daily data in the past 10 
days as input, 5 hidden neurons for processing the input signals, and one output neuron to 
give the prediction of the price value one week later. For the three training methods, we 
start with the same set of initial parameters. Before the training, the initial portfolio 
weighting is allocated evenly among the securities. And we use the portfolio weighting at 
the last moment of the training as the initial portfolio weighting for the testing. For the 
training with prediction criterion, we use the mean square error as the training objective. 
III. The Experimental Result 
• The Training with prediction criterion 
In the mean square error training, we reduce the difference between the real price data 
with the prediction of the neural networks. After each epoch, we use the new neural 
network weightings to do trading on the whole training data set, and evaluate the final 
Sharpe ratio. Recall from the Bengio's paper, it is known that the mean square error 
training may not give an optimal result for the financial objective, such as the excess 
retum. The situation is the same with the Sharpe ratio objective, as we can see in the 
following. 
Figures 3.112 to Figure 3.117 show the training and testing final excess retum, the 
standard deviation, and the final Sharpe ratio in the mean square error training. 
Training fmaI excess retum � ， Training standard deviation Training fmaI Sharpe ratio 
150 3.3「 50「 
1^45 .J.25 - |48^ 
一 o 2 
1 .E ^ 4^6 
i 140 :s 移 I 
^ , S 5^ 44 
i - y ^ ^ 1.15 i42 U -
130 ‘ ‘ 3.1 ‘ ‘ 40 ‘ 1 
1 101 epoch 201 1 101 epoch 201 1 101 epoch 201 
Figure 3. 112 MSE Training Retum Figure 3. 113 MSE Training Risk Figure 3.114 MSE Final Sharpe Ratio 
g Testing final excess retum 3 5 Testing standard deviation 3 Testing final Sharpe ratio 
^ _ I 3-3 - .2 
I： ^ , k 广 ^ r u - ^ 
-4 - \ S5 2.9 - 泛 \ 
i - V L . 7 - !1 V 
1 ‘ ‘ 2.5 ‘ ‘ 0 ‘ 1 
1 101 epoch 201 1 101 epoch 20 i 1 101 epoch 201 
Figure 3.115 MSE Testing Retum Figure 3.116 MSE Testing Risk Figure 3.117 MSE Final Sharpe Ratio 
In both training and testing we can see that the final excess retum is decreasing (Figure 
3.112 and Figure 3.115) while the standard deviation does not vary too much (Figure 
3.113 and Figure 3.116). As a result the training and testing final Sharpe ratio is 
decreasing (Figure 3.114 and Figure 3.117). It is once again proved that the prediction 
criterion training may not give an optimal final objective, not only in the case of retum 
but also in the case of Sharpe ratio. 
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• The Bengio model training 
The Bengio model is trained on the maximum excess retum criterion. So it is shown in 
the following figures that the excess retum will grow with training epoch, and its value 
will be higher than that given by the MSE training. As for the risk, it keeps at a level 
higher than that in the MSE training. 
Figure 3.118 to Figure 3.123 show the training and testing result of the Bengio's model. 
Traiiung fmal excess retum 4 Training standard deviation j ^ Training fmal Sharpe ratio 
g : ^ f ^ ^ ^ f3.8[ |：：[ ^ ^ / ^ r ^ 
I 200 - / I 3.6 - |60 - 1 
i::_7 i::_4^^ 1：^ 
140 1 1 3 1 1 40 1 1 
1 lOlepoch 201 1 lOlepoch 201 1 101 epoch 201 
Figure 3.118 Bengio Training Retum Figure 3.119 Bengio Training Risk Figure 3.120 Bengio Final Sharpe Ratio 
jQ Testing final excess retum 3 5 Testing standard deviation Testing final Sharpe ratio 
f:| 卜 | - - y ^ l3 rx_ 
S 7 - JL 2^.9 - 茂 � 
e 6 = _ « ^ |2.7 - I 2 : _ ^ ^ ^ 
‘ to 
5 ‘ ‘ 2.5 ‘ ‘ 1.5 1 ‘ 
1 lOlepoch 201 1 lOlepoch 201 1 lOlepoch 201 
Figure 3.121 Bengio Testing Retum Figure 3.122 Bengio Testing Risk Figure 3.123 Bengio Final Sharpe Ratio 
As we can see, the retum of the portfolio is increasing steadily during the training and 
testing (Figure 3.118 and Figure 3.121). In training the excess retum reaches a final value 
of 240%, higher than that of the MSE training, 137%. As a result the training final Sharpe 
ratio of the Bengio training (about 70 in Figure 3.120) is higher than that of the MSE 
training (about 42). For the testing, the Bengio model also has a higher final Sharpe ratio 
(Figure 3.123), 2.5 to 1.0. 
-The total Sharpe ratio training 
Recall that in the gradient vector of the total Sharpe ratio, there is always a component, 
the gradient vector of the retum, tending to increase the retum. On the other hand there is 
another component, the gradient vector of the risk, tending to reduce the risk. Moreover 
the gradient of the retum and that of risk are linear independent, as a result it is possible 
that the retum is maximized during the training while the risk is reduced at the same time, 
but without putting a limitation on the largest possible retum that can be gained. This 
situation can be clearly observed in the following experimental result. 
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Figure 3.124 to Figure 3.129 show the training and testing result of the total Sharpe ratio 
training. 
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As we can see that in training the excess retum increases steadily from 150% to 235% 
(Figure 3.124). And at the same time, the risk does not increase too much from 3.1% to 
3.3% (Figure 3.125). As a result the final Sharpe ratio increases from about 48 to 70 
(Figure 3.126). During testing the final Sharpe ratio of this training method reaches the 
highest value compared with the other two models, 2.7 in Figure 3.129. 
The following table summaries the performance of the three training methods. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
Initial 150% 3.1% 4 ^ 5.9% 3.1% L 9 ~ ~ 
Configuration 
MSE Training 137% ~ 3 . 2 % ~~42.7 2.9%~~ 3.0% 1.0 — 
Bengio Model —238% ~~3.4% ~ 7 0 . 7 8.4%~" 3.4% 2.5 
Total Sharpe 235% 3.3% ^ 8 ^ 3.3% ^ " ^ 
Ratio 
Table 3.11 Performance of the three training methods 
It can be seen that the performance of the MSE training is the worst. The Bengio and total 
Shape ratio training has the similar Sharpe ratio in training. But in testing the total Sharpe 
ratio training is 8% better than the Bengio training. 
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3.7.11 Experiment 4: Apply to the Stock Market 
3.7.11.1 Objective: In this experiment, the total Sharpe ratio is used as the training criterion to 
train a portfolio trading system. During the investment period, the transaction cost is considered 
(The transaction proportional constant is 1% in this experiment). Then the performance of the 
resulting portfolio will be discussed, and compared with other trading models. 
3.7.11.2. Experimental Setup 
-The Data: The training and testing data are selected from 19 well diversified stocks in the 
Hong Kong stock market. For each stock, 2000 daily price data from 1989 to 1996 are used. The 
first 90% of the data are for training, and the later 10% are for testing. Before the price values are 
used for training, they are preprocessed by normalization, being re-scaled into the interval [-l ,T. 
- T h e Prediction Module: In the prediction module, for each stock there is a neural network 
predicting its price movement. All the networks contain one input layer, one hidden layer and 
one output layer. In the input layer of each network, consecutive daily price values of the stock 
in the past 10 days are presented. In the hidden layer, there are 5 hidden neurons. The hidden 
neurons' activation function is the hyperbolic tangent function. In the output layer, there is only 
one neuron with linear activation function. The signal presented at the output neuron is the 
prediction of the price value one week ahead. Therefore the prediction module receives daily 
price values of a stock in the past 10 days, and then predicts the price value one week ahead. 
-The Trading Model: The Bengio's trading algorithm is used to determine the weighting of the 
stocks in the portfolio according to the prediction results. There is a transaction each week, and 
the annual interest rate of the risk free cash asset is 6%. 
3.7.11.3. The Experimental Result 
-The Portfolio's Excess Return and its Linear Approximation 
First look the portfolio's multiplicative retum at each time step, and its linear approximation. 
Since the portfolio's true retum is approximated with a linear combination of its component 
stocks' retums, and the Sharpe ratio is defined based on this linear approximation, it needs to 
ensure that the value of the linear approximation does not differ too much from the true value. 
The following figure shows the portfolio's multiplicative retum and its linear approximation at 
each time step during the holding period corresponding to the training data set. 
Compare Multiplicative Return and its Linear 
13 Approximation 
Multiplicative Retum 
1-2 • — L i n e a r Approximation 
‘:^Jf^tt^W 
0.8 \ 1 i ‘ 
1 1 0 1 lime (week) 2 0 1 3 0 1 
Figure 3.130 TSR Portfolio Retum and its Linear Approximation 
It should has been seen 2 zigzag curves in the figure. However since the two curves are too close 
to each other, only one can be seen. In this experiment, the sum square difference between these 
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two curves is 10'^ . Therefore the linear approximation of the portfolio's retum is very close to the 
true value. 
-The Increasing Total Sharpe Ratio 
Now look at the training objective, the Total Sharpe ratio, during the training and testing process. 
The constant A in the definition of total Sharpe ratio is 256°, where 256 is the number of trading 
days in a year. 
TrainingTotalSharpeRatio 140 testing Total Sharpe Ratio 
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1000- y ^ 130- ^ ^ \ r " ~ ^ ^ ^ ^ ^ 
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600 1 , 100 \ 1 1 
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Figure 3.131 TSR Training Total Sharpe Ratio Figure 3 • 132 TSR Testing Total Shapre Ratio 
It can be seen that for the training data set, the total Sharpe ratio of the portfolio increased from 
the initial value of about 674 to the final value of 1091. There is about 62% increase in the total 
Sharpe ratio. As for the testing data set, the total Sharpe ratio of the portfolio also increase from 
109 to 135, about 24% increase in the value. Therefore it is reasonable to believe that the trading 
system has generalized some properties about the component securities, and knows how to 
improve the performance of the portfolio on the unseen data. 
-Compare with Buy and Hold Method: 
Now compare the performance of the portfolio given by our trading system with the buy and 
hold method. The comparison will be made on the final percentage excess retum, the final 
standard deviation and the final Sharpe ratio. We are going to compare our portfolio with the buy 
and hold portfolio, a portfolio containing the same component stocks with our portfolio, but 
traded with buy and hold method and using equal initial weighting for the component stocks. 
As it will be seen below, the buy and hold portfolio can also reduce the unique risk in the 
individual securities. Therefore its risk will be similar to that of the portfolio generated by our 
trading system. However for the buy and hold portfolio, since nothing is done actively to adjust 
the weighting of the component securities during the holding period, and its component stocks' 
weightings are determined solely by the price movement, its excess percentage retum is lower 
than that of our total Sharpe ratio portfolio. 
The following figures show the final percentage excess retum, the standard deviation of the 
excess retum and the final Sharpe ratio at each time step during the holding period corresponding 
to the training data set. 
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The following table summarizes the training and testing result of both portfolios. 
Training Testing 
Final Standard Final Final Standard Final 
Excess Deviation Sharpe Excess Deviation Sharpe 
Retum Ratio Retum Ratio 
^ B u y and 139% 3 ^ ^ 30.2% 2 ^ K e ~ ~ 
Hold 
Portfolio 




Table 3.12 Compared with Buy and Hold Method 
It can be seen that for the excess percentage retum, the total Sharpe ratio portfolio is much 
higher than the buy and hold portfolio during training (Figure 3.134). Our portfolio has an excess 
percentage retum of 623% at the end of the training holding period, while the buy and hold 
portfolio has only 139%. Our portfolio is nearly 5 times better than the buy and hold portfolio. 
As for the risk, the buy and hold portfolio has a lower risk (Figure 3.133), 3.6%, compared with 
that of our portfolio, 3.9%. However, for the buy and hold method, such a low risk is not enough 
to compensate the low retum. As a result the total Sharpe ratio portfolio has a much higher final 
Sharpe ratio, about 158.6 in Figure 3.135, than the buy and hold method, only 39. For testing, the 
two portfolios have similar risk, but total Sharpe ratio portfolio has higher excess retum and thus 
a higher final Sharpe ratio. 
-Compared with Minimum Mean Square Error (MSE) Training and Maximum Return 
Training 
Now compare our trading system with a trading model trained with minimum prediction error 
criterion and a trading model trained with maximum retum criterion. We start the three training 
processes with the same initial parameters. It will be seen that our trading model trained with 
Sharpe ratio performs better than the two models. 
The following figures show the final percentage excess retum, the final standard deviation, and 
the final Sharpe ratio of the three trading models during the training process. 123 
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The following table summarizes the performance of the three trading models: 
Training Testing 
Final Standard Final Sharpe Final Standard Final Sharpe 
excess deviation ratio excess deviation ratio 
retum retum 
Before 240% 3.6% ^ ^ 2.1% ^ 
Training 
MSE 257% 3 ^ ^ 13.3% L ^ ^ 
Training 
Maximum 660% 44% 149.9 35.5% 7 ^ o 1 ^ 
Retum 
Training 




Table 3.10 Compared with Other Training Objectives 
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For the excess retum, in the MSE training, it is seen that the final excess retum does not increase 
so much during the training (Figure 3.137), from initial 240% to final 257% in training, and even 
decreases from initial 20% to final 13.3% in testing. There seems no direct relationship between 
the prediction accuracy and the retum. This phenomenon has been pointed out in the Bengio's 
paper. For the training with maximum retum criterion, the final excess retum increases from 
240% to final 660% in training (Figure 3.140). The increase is much higher than that of the MSE 
training. In testing its excess retum is 35.5%, still being the highest among the three models. For 
the training with total Sharpe ratio, the final excess retum is 623% in training (Figure 3.143), a 
little bit lower than that of the maximum retum training, and in testing, its excess retum is 
32.3%, still at the middle among the three models. 
In the aspect of risk, MSE training has the lowest standard deviation, 3.6% in training and 1.6% 
in testing. Maximum retum training has the highest standard deviation of 4.4% in training and 
2.8% in testing. And total Sharpe ratio training is at the middle, 3.9% in training and 2.4% in 
testing. Note in the figure of the maximum retum training, the variation of risk during training is 
rather large compared with that of the total Sharpe ratio training. It is because in the total Sharpe 
ratio training, the risk of the portfolio is under careful control while no attention is put onto the 
risk in the maximum retum training. 
If consider the retum and the risk together, MSE training has the lowest final Sharpe ratio, about 
70.8 in training and 8.2 in testing. Such low value is mainly due to the low excess retum. 
Maximum retum training is at the middle compared with the other two models. It has the final 
Sharpe ratio of 150 in training and 12.9 in testing. Total Sharpe ratio training has the best 
performance, it has the highest final Sharpe ratio of 158 in training and 13.3 in testing. 
Finally it should be mentioned that the whole experiment above is done with a Sparc machine. 
The whole training time is about five hours. 
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Chapter 4: Conclusion 
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In the Chinese maxim mentioned in the introductory chapter of this thesis, it is known 
that in order to reduce the risk, we should "put our eggs into several baskets". And there 
was a question that "actually how many eggs should be put in each baskets?" 
In this thesis, a satisfactory answer has been given. We should consider the expected 
retum and the corresponding risk for each basket. Then adjust the number of eggs in each 
basket, such that the retum is as large as possible and the risk is as small as possible, or in 
order words, the ratio of the retum to the risk is as small as possible. 
In realistic investment, the philosophy is the same. We should not only consider the 
retum that can be gained, but also the risk that to be bom. A good measure for the 
performance of a security is the ratio of the excess retum to the risk, i.e. the Sharpe ratio. 
Contribution of this thesis 
Based on the Bengio's trading model, a portfolio trading model trained on maximum 
retum criterion, and the Weigend's trading model, a security trading model trained on 
maximum Sharpe ratio, our portfolio trading model based on Sharpe ratio criterion is 
proposed. The training method adopted by our trading model is completely different from 
the traditional prediction based training methods. In our trading model, the training is 
based on the financial criterion. The main purpose of the training is to maximize a 
predefined financial objective, such as the Sharpe ratio, rather than giving an accurate 
prediction for the movment of the securities' prices. 
With a definition of Sharpe ratio similar to that in Weigend's model, our first Sharpe ratio 
trading model, the naiVe Sharppe ratio model, is built. Li this model the portfolio is 
considered as a single security, and we do not consider the relation between the portfolio 
and the component securities. The merit of this model is its simplicity compared with the 
later total Sharpe ratio model. Its weakness is that the gradient vector of the retum is 
linearly dependent on the gradient vector of the risk. As a result an unnecessary limitation 
is put onto the profit of the portfolio. 
To solve this problem, one of the approaches is to redefine the risk of the portfolio. We 
thus introduced the concept of down side risk into our naive Sharpe ratio trading model. 
In the down side risk, only the risk of loss rather than the traditional symmetrical risk is 
considered. By doing so the restriction put onto the profit of the portfolio can be 
eliminated. As a result a portfolio with a higher profit than the naiVe Sharpe ratio model 
can be obtained. 
On the other hand, there is an alternative way to solve the problem. The reason for the 
linear dependency of the retum and the risk is that we do not consider the fact that a 
portfolio is a combination of several securities. The performance of the portfolio does not 
only depend on the weightings allocated to the component securities, but also the co-
relation of the retums of these securities. Therefore it needs to take the co-relation of the 
component securities' retums into consideration, and consequently the second portfolio 
trading model, the total Sharpe ratio model, is proposed. 
In the total Sharpe ratio model, we find out the retum of the portfolio and its component 
securities retum at each time step during the holding period. Then the securities' retum in 
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the past are used to construct their covariance matrix V. Since the retum of the portfolio 
is a linear combination of its component securities', the risk of the whole portfolio can be 
measure with the formula ap=w^Vw, where Op is the standard deviation of the portfolio, 
w is the portfolio weightings. After the retum and the risk of the portfolio at a particular 
time step are calculated, we find out its Sharpe ratio. At each time step in the holding 
period, the Sharpe ratio of the portfolio is calculated, and an objective function, the total 
Sharpe ratio, is set up as the sum of all of these Sharpe ratio at different time steps. 
In the training process, the gradient ascend algorithm is used to adjust the total Sharpe 
ratio. We first calculate the gradient of the total Sharpe ratio with respect to the portfolio 
weightings. Then use Chain Rule to calculate the gradient of the total Sharpe ratio with 
respect to the prediction and decision models' parameters. The value of the total Sharpe 
ratio can be increased by moving in the parameter space in the direction of the gradient 
vector. 
In the total Sharpe ratio model, since the co-relation between the securities' retums is 
taken into consideration, the problem in the naive Sharpe ratio model is solved. The 
gradient vector of the risk is no more linearly dependent on the gradient vector of the 
retum, and these is no more unnecessary limitation put onto the retum of the portfolio. 
In the total Sharpe ratio model, when we consider the transaction cost, it is found that the 
retum of the portfolio is not a linear combination of its component securities'. Therefore 
it needs to approximate the portfolio's retum with a linear combination of the securities 
retums. And the Sharpe ratio at each time step is defined based on this linear 
approximation rather than the actual portfolio retum. Due to the fact that the transaction 
cost is small and the variation of the portfolio weighting is not too large between two 
consecutive time steps, the linear approximation of the portfolio's retum is very close to 
the true value. 
Several experiments using real data have been carried out to test our trading system. We 
compared the performance of our portfolio with the buy and hold model, Bengio model 
and trading models trained with prediction criterion. Experimental results show that our 
portfolio always has better performance than the other models, as well as its component 
securities traded with buy and hold method, measured with the Sharpe ratio. 
Problems remained unsolved 
However there are still some problems that have not been solved in this thesis, such as 
the theoretical meaning of the prediction in the prediction model. There are so many 
kinds of prediction. The simplest one is the trivial prediction in which the value in a time 
series at the current moment is used as the prediction for the value at the next moment. 
The trivial prediction is in fact a special case of the expected value prediction in which 
the expected value of a time series at the next moment is used as the prediction (for the 
trivial prediction the time series is assumed generated by a random walk process, and the 
expected value of the time series at the next moment is just the realized value at the 
current moment). Another kind of prediction is the maximum likelihood prediction in 
which we calculate the probability of each event that is possible to be happened. Then we 
choose the event with the highest probability of happening to be our prediction. 
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In our trading system, there is a prediction model for forecasting the movement of the 
securities' prices. However it is not known what the theoretical meaning of this 
"prediction" is. It seems not to be the expected value of the stock price time series, which 
can be given by the mean square error training, nor the maximum likelihood prediction. 
What it is remains a puzzle. Therefore we need to make further investigation in this 
aspect in the future. 
Future Work 
In the future the property of the prediction in the prediction modules is to be investigated. 
Moreover the interest rate of the risk free security will not be assumed to be a constant 
one, and will be a varying quantity with time. Finally in order to have more information 
to make our decision, more financial data will be considered in our model rather than 
only the past price data. 
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Appendix A: Calculating the Gradient of the Sharpe Ratio with respect 
to the Trading System's Parameters 
In either the naiVe or total Sharpe ratio model, when we are doing the training process, 
we need to adjust the parameters in the decision module, say 0i, and the prediction 
module parameters, say 02. To do so, we first calculate the gradient of the Sharpe ratio 
SR, either the naiVe Sharpe ratio or the total Sharpe ratio, with respect to the portfolio 
weighting Wt,i, that is 3SR/3wt,i, then use the Chain rule 
asR/a0i=asR/awt,i * awu/aei Ai . i 
asR/ae2=asR/3wt,i * awt,i/a02 A1.2 
to find our answer. 
In our trading system, we use the Bengio's trading algorithm as the decision module, and 
a neural network as the prediction module. Therefore the parameters of the decision 
module 0i is the following quantities: ao, ai, bo, bi, co, Ci, so, Si and x. And the parameter 
62 is the weightings of the neural network. 
Now suppose we have calculated the gradient of the Sharpe ratio with respect to the 
portfolio weightings, that is 3SR/3wt,i. We now want to use the Chain rule to find the 
gradient with respect to the prediction and decision modules' parameters. 
130 
1. Calculating the Gradient with respect the Decision Module Parameters: 
/1� r . 1 1 .舰.^SR. dSR (1) we first calculate—~" and from 
o^o 3^ 1 ^y^tj 
using chain rule, 
M . y i ^ ^ A1.3 
a& j dw^ j ds, 
dSR ^ y dSR 3 w , , A 1 . 4 
5^1 j M j 3 � 
for the last term of the summation, i.e. when j 二 n, the case of the cash asset 
if S, > 0 
^ 众 , 丛 A1.5 
3 � ^^0 
i = & , ^ + $ ^ Al.6 
ds^ 3>s"i ds^ 
where 
3^ n-l n-l ^ a 
^ = t a n h ' ( a o + a , X ( ^ . , - ^ . . ) ) ( - ^ i E ^ ) 
C^ 0 /=0 /=0 C^ 0 
拟 "-i "-i db 
^ = t a n h ' K + a , X ( ^ , , - ^ . , ) X ^ i E ^ ) 
C^1 i=0 i=0 C^i 
3^ n-l 3^ 
TT^ 二 y^{sigmoid{T)w'^_^. -rr^} 
dSi 二 ds^ 
dg^ — — 
- ^ = sigmoid，(〜(y^ j - max(Co歹,’ c^  :v“„))) * (y^ j - max(c�y,, c^  ;y“„)) 
dbt j — _ 
" ^ = sigmoid ,(Si (min(Z?o y,, b, ;y,„) — y“j)) * (mm(/?�y,, b  ;y,„) — y,j) 
tanh'(x) = I tanh(x), sigmoid'(x) = ^ sigmoid (x) 
else 
131 
— ， " ’ 3 式 A 1 7 —=~^t-\ n —— A1.7 
a � -，" 3^ 0 
^ - 州 … 也 A1.8 
3 � ’ 3^ 1 
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~ = ( 丄 〜 + 1 ^ 1 A1.9 
3 、 3^0 ^t ^t 5^0 
》 二 〜 — _ 》 + 岭 A1.10 
d5i d i^ Sj as^ 
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aCo ydWtj dc, dc, j dw^j dc, 
Note that 
max(a, b) 二 • | a - b | + • | a + b |, and 
f(x) I'= sgn(f(x)) *f ’(x)，so 
3 
^ max( c�y, , Ci y, „) = • [sgn( c�y, , c^  >^ , „) j , + y, ] A1.12 
O C o 
^ m a x ( C o y , , C j : v , „ ) = j 卜 s g n ( c � y , , c , >；。„) j , , , + : y ^ ’ „ ] A 1 . 1 3 
OCj 
for the last term of the summation, i.e. when j = n, the case of the cash asset 
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i = _ 〜 ” ^ ， i = _ � M ^ A 1 . 1 5 
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db, 卜1’" db, db, …dh, 133 
when j * n, the case of other stocks 
¥ = � _ M � � + ! ^ ^ ^ A1.23 
dbo db� Sj dbQ 
� � — ( A ^ ^ ^ A1.24 
db^ ab^ St db^ 
where 
3fl, _ dkt a>v,," ‘• '"• •»•«• “ ~~ 
db^ db^ dbo 
da, = dkt ― “ 
dbi dbi db^ 
� calculate，= ^ ^ ^ ， ， = ^ ， 》 A1.25 
oa^ j ow^ j daQ oa^ j ow^ j da^ 
for the last term of the summation, i.e. when j = n, the case of the cash asset 
if S, > 0 
^ = k t i ， ^ = k t ^ A1.26 
daQ daQ da^ da^ 
else 
^^t,n 二 w’ 3^t — ， " 二 w ’ ^ A127 
da^ ,_i’” da^， da^ , i'" da^ 
where 
3 ^ n-l 
^ = tanh' (ao+aiJ>t , i -g t , i ) ) 
oa^ i=o 
^ ^ n-l n-l 
^ = tanh' ( a � + a, ^ (b u _ g u)) * ( E (b u _ g u)) 
<jCl\ i=0 i=0 
for the other term s of the summation, i.e. when j * n, the case of other stocks 
3w, . dw,. 
^ ^ = ^ ^ = 0 A1.28 
da^ da^ 
( 5 ) c a l c u l a t e ^ = S ^ ^ A1.29 
dT i 8w, ,. dT 
J * ,J 
for the first term of the summation, i.e. when j = n, the case of the cash asset 
3w ^k "一1 
if J, > 0 ， - ^ =么 ^ = S,sigmoid \T)[^ {b, ,w;_i,)] A1.30 
oT dT /=o ’ ’ 
8w.„ 
e l s e ~ ~ ^ = 0 A1.31 
dT 
when j * n, i.e. the case of other stocks 
^ ^ = -w;,,丸.sigmoid '(r) + ^ & A1.32 
dr …… 5, dT 
, 3«, dkt 3w,„ where ~~- = 
dT dT dT 
(6) calculate 的 尺 = V ”尺 “�，where i, j = 0,..., n A1.33 
3yt,i j >^^ t.j ^ \ j 
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Notethat 
1 c 作一1 C 作 _ 1 
gt,i =sigmoidis,(y, . - - [ | — ^ >^^ "^ i>^ M l+("E>^M +Ci>V,J])) A1.34 
^ ^ i=o n i=0 
bt，i = s i g m o i d i s , i - l ^ f ^ y , , -b,y,^„ 1 + ^ ( ^ ¾ , . +b,y,J-y^,)) A1.35 
L ^ i=0 丄 ^ i=0 
therefore 
^ = sigmoid(A,rs, *(¾ -^[sgn(CoJ, - c , y J H ^ S j - c , S j J H ^ S j +c,SjJ]) A1.36 
^tj 2 n n 
^^ = sigmoid{^,rs, H^sgnQ,J^ _ 仏 " ) * ( ~ 《 " ^ i ^ , J + ^ ( - ^ y + ^ , ^ , J " ^ ) A1.37 
dYtj 2 n 1 n 
where 
Ai=�0^’/-max(c�y"c:i;y,，J) 
A 2 = _ i n @ o V , , k J l , , , ) 
4 = l i f i = j , 0 i f i ^ j 
¥ " n j 
for the last termof the summation,i.e. when j = n, 
if S ^ > 0 , ^ = S , ^ . K ^ A1.38 
^ \ i 办 ,， / ^u 
where 
dk, . . ^ � f ’ db,j 
^ = sigmoidiT)2^w^_^ j ^ ― 
^u J=o ^u 
^ ( 铃 + § ( 玲 
^rJ J=0 ^Kj 办 ,， / y=0 办 / ， , ^ui 
3^ "-i 
^ = « 1 tanhK +^iS(^M -^M)) 
他… i=o 
3^ "-i 
3 ^ = -^i tanh’(fl�+fli2^(^,, -g, , )) 
^r.; .=0 
e l s e ? ^ = 〜 | ^ 觀 
^yu ^M 
for the other temsof the summation,i.e. when j ^ n, 
^ t . j , . . n ^ ’ � 3 g,,jig�da, 
^ r ^ = -w,_i .. sigmoidT) - ^ + a, +——^^ A1.40 
^ ^ , i ’ 办,./ 办 , .， s , ^, ^ u 
where 
da, dk, 3wt,n 
^ _ _ ^ _ _ _ •"— « » ^ ^ _ ^ « —^ ^ ^ _ _ . ^ - ^ -
^U ^U ^Vi 
f o r ^ ^ ， l e t f , ( g , , , ^ , , . . . , g _ . ) = ^ = ^  A1.41 




3 f n - i 3 f 3 o 3 f S ^ t , i ) ^ ; i - ^ t , j 
then P - = X » w h e r e ^ = - ^ A1.42 
^yt,i k=�^t，k^\i ^t,k ( § g t . ) 2 
i=0 
Up to this stage, we have calculated all the gradient of the Sharpe ratio with respect to the 
decision module's parameters. During the training process, we use the gradient ascend 
algorithm to adjust these parameters; multiply this gradient by the learning rate, then add 
to the old parameters and obtain a new set of parameters. 
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2. Calculating the Gradient of Sharpe Ratio with Respect to the Neural 
Network Weights: 
Now let's calculate the gradient of the Sharpe ratio with respect to the prediction module's 
parameters. In the prediction module, we use a neural network to do the prediction. 
Therefore we now need to calculate the gradient of the Sharpe ratio with respect to the 
neural network's weightings. 
Suppose we use a 3-layer neural network to do the prediction. In the network, there is one 
input layer for receiving the input signals, the security's past price values, one hidden 
layer for processing of the information, and one output layer containing only one neuron, 
giving the prediction of the security's price value. 
Let Xt be the input vector whose last entry, acting as the bias term, is always 1. Moreover 
let wi be the weight matrix for the input layer, w2 for the output layer. Each column of 
the weight matrix represents the weight vector of a particular neuron. Furthermore let f be 
the activation function, u and yt be the output of the hidden layer and the output layer 
respectively, and N be the number of neurons in the hidden layer. 
The following shows the configuration of the neural network. 
• 
yt Output layer 6 
y ^ u ^ ^ \ ^ W 2 Hidden layer 
^ V 
/ Xt \ Wi Input layer 
Figure A2.1 A 3-layer Neural Network 
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Let w pm be the weight vector of the neuron m in the weight matrix w p, i.e. the m th 
column of weight matrix Wp, wherep = 1,2. Let Wjj^  be the k th entry of the weight 
vector Wjj, w^ be the transpose of the matrix w. 
Then the output y can be written as 
N 
Y t = S w 2 m f m ( w J ^ " 0 + W 2 , N + l ( A 2 . 1 ) 
m=l 
where fm(wJx,) is the m th entry of the vector f (wJ^,), i.e. fm (w^x^) = f (wJ^x,) 
Diffemtiating both sides of * with respect to the network weightings in the input 
and the hidden layer, i.e. w ^  and w 2, we then have 
dy, fu •, the i th entry of vector u if 1 < j < N 
( 1 ) " ^ = J J ^ J . (A2.2) 




= S W 2 m ^ ~ ~ f m ( w W , 
二 〜 
N 3 
= I > 2 m ^ ^ f ( w L ^ , ) 
m=l dWijk 
N 3 
= S w 2J，(w L ^ . ) * ^ ~ ~ w L ^ , 
t^l 3Wijk 
= t ^ 2 J ' ( w U ) * A (A2.3) 
m=l 
f Oifm?^j 
where A = < 
Xk if m = j 
Up to now ^ ^ , 办 , a n d 办， a r e calculated (the calculation of ^ ^ is discussed 
^Jt aw2j 3wijk 办， 
3 SR 3 SK. 
in the first part of this appendix), then and can be found with the Chain 
aw2j awijk 
1 dSR dSR dy, ^ dSR dSR dy, „ ^ ^ , , 
rule = — and = — for each neural network. 
aw2j dy, dw^j 3wijk dy^  dw,.^  
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Appendix B: Calculating the Gradient under Constrain 
In both the naive Sharpe ratio or total Sharpe ratio trading system, we need to calculate 
the gradient of the Sharpe Ratio with respect to the portfolio weighting. However the 
gradient is subject to the constraints that the sum of the portfolio weightings should be 
always 1, and that the value of each weight value should be between 0 and L In other 
words, if we consider the Sharpe ratio as a function of the portfolio weighting 
S R ( w 1 , w 2 , . . , W k ) , then we are in fact doing the following maximization problem: 
Maximize S R ( w 1 , w 2 , . . , W k ) under the constrains 
一 0 < W i < l for i=l,2, ",k，and (B1) 
1 2iWi=l 
where Wi are the portfolio weighting to be adjusted. The set of all possible valid 
weightings is called the feasible set. In this case, the feasible set is the hyper plan SiWi=l 
located inside the hyper-cube 0<Wi<l., for i=l,2, ...,n. 
Suppose we start at a point w in the feasible set. Then calculate dSR/dw, and using 
gradient ascend algorithm to update the current position w to w+lr*8SR/3w, where lr is 
the learning rate. Since 3SRy^ 3w may not be parallel to the hyper-plan, w+lr*3SRy^3w may 
not be inside the feasible region, we should add another vector v to 8SR/8w such that, 
w+lr* (3SR/3w+v) falls into the feasible set. The value of v should be chosen such that 
the w+lr*(3SR/3w+v) is the perpendicular projection of w+lr*3SR/3w onto the hyper-
plan ZiWi=l. 
/ ir*asR/aw / 
/ lr*v 
/ / ^ / 
/ ^ ^ ^ ^ lr*(aSR/3w+v) Z 
Figure B1 The Hyper-Plan 139 
To find value of v, we let u be the unit vector normal to the plan ZiWi=l. Then u=(l,l , 
..,l)/Vk. And the vector v can be expressed in terms of u as v=A,u for some scalar X. 
Moreover let w=(w1,w2,..,Wk), 3SRy'3w=(ci,C2,..,Ck), and u=(u1,u2,..uk). Now since 
w+lr*(3SR/3w+A,u) falls into the hyper-plan ZiWi=l, we have 
[wi+lr*(ci+Xui)] + [W2+lr*(c^+Xu2)] +..+ [wk+lr*(Ck+>iUk)]=l , (B2) 
or ZiWi+lr*(SiCi+ XLiUi)=l (B3) 
or A,={ [l-SiWi]/lr-XiCi} / &Ui (B4) 
So we have 
V = {[l-2iWi]/lr-ZiCi} / ZiUi u (B5) 
Now we can be sure that w+lr* (3SR/3w+v) is inside the hyper-plan. Furthermore if any 
entry of the vector w+lr*(3SR/3w+v) is less than 0, wejust need to set this entry to 0, and 
similarly set it to 1 if it is greater than 1. 
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Appendix C: The Stocks Used in the Thesis 
Stock 1: Cheung Kong 
Stock 2: CLP Holdings 
Stock 3: HK & China Gas 
Stock 4: Wharf (Holdings) 
Stock 5: HSBC Holdings 
Stock 6: Hang Seng Bank 
Stock 7: Hutchison Wham 
Stock 8: Citic Pacific 
Stock 9: China Resources 
Stock 10: Cathay Pacific Air 
141 
Appendix D: Brief Review on Artificial Neural Network [13] 
The Human Brain 
As we know the brain of human being is a very complex network of nerve cells 
(neurons). In each neuron there are structure called synapses responsible for emitting 
a transmitter substance that diffuse across the synaptic connection with another 
neuron. On the other hand, there is another structure called dendrites for reception of 
the transmitter from the synapses terminals. In the human brain there are several 
billion such neurons and trillion synapses or connection. With such a complex 
structure, our brain can perform a variety of computations so that we can do a lot of 
things such as seeing, hearing, smelling, controlling muscular movement and even 
learning from the surrounding environment. 
The Neuron 
For many years, people have been working to build a computer that behaves like a 
human being. In order to achieve this, we should first build a model of the human 
brain. Artificial neural network is a simplified model for the neural network in the 
human brain. In the ANN, there are neurons receiving signals from the external 
environment or other neurons, processing the signals, and sending the resulting signal 
to the external environment or other neurons. The following shows a model for the 
neuron. 
Wo (Bias) 
, � Activation 
Fixed input Xo=l K^_Jx^^ Function Output 
w, ^ \ ^ 
r x i ~ — < x ^ ^ > ^ 
_ ^ S Y ^ 0 0 — y 
I t X 2 — — < ^ r ^ > ^ l > ^ ~ " ^ 
Input J W2 w 
/ Synaptic 
� X p K > — h t s 
Figure D1 A Model for a Neuron 
The neuron above, the input signals (Xo, Xi, X2, .., Xp) is fed into the neuron. Note 
that Xo is a fixed input value. Then each signal Xj is multiplied with the 
corresponding synaptic weight wj to give XjWj. After that the products are summed up 
to give 
V = EjXjWj. Then the activation function 0 () is acted on v to give the final output 
y= 0 (v). 
There are a lot of choices for the activation function provided that it is a bounded 
monotonic function. For example it can be the threshold function such that 0 (v)=0 if 
v<0 and0(v)=l if v ^ 0 , or it can be the sigmoid function such that0(v)=(l+e'^^)'\ 
where a is some constant, or it can be the hyperbolic function 0 (v)= (l-e"^)/ (l+e"^). 
Feed Forward Network 
After we have built the model for the neuron, we now can construct a network of 
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neurons to model the human brain. The following shows a 3-layer feed forward 
network. 
^ ^ 
Input Hidden Output 
Layer Layer(s) Layer 
Figure D2 A Feed Forward Neural Network Model 
An ANN consists of 3 kind of layers; an input layer for receiving the external signals, 
one or more hidden layer(s) for internal processing, and one output layer for sending 
out the computed result. 
Benefit of Neural Networks 
Non-linearity: Due to the activation function in the neuron, a neuron is thus non-
linear. As a result the neural network is itself non-linear. The non-linearity of the 
neural network is a very important property since the in practice the underlying 
physical environments are usually non-linear in nature (such as the speech signals or 
the objects images). In order to find out some properties about these real world 
objects, we should make use of non-linear device such as the neural network. 
Regression Mapping: In the supervised learning, it is always required to find out the 
relation between a set of input signals and a corresponding set of target signals. For 
each pair of input and target signals (a training pair), we feed the input signal into the 
input layer of the neural network and adjust the weights in the network, so that the 
difference between the output signal produced at the output layer is as close as to the 
target signal. This adjusting process, called training process, is repeated for many 
times until some pre-defined criterion, such as the minimum mean square error, is 
reached. After the training the neural network can make response on new input signals 
based on the "knowledge" it leamt during the training (stored in the network weights). 
For the meaning of the output of the neural network, one can refer to the Chapter 1. 
Adaptivity: A neural network can be designed so that it can adjust its weights in real 
time. In particular, a neural network trained under a specific environment can be re-
trained and operate in a slightly changed environment. 
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